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FOREWORD 
In facing the task of reporting research results a decision must 
be made regarding how fully the research effort should be described. 
Obviously most readers are not interested in complete detaiL but 
other readers may desire sufficient explanation so that the results, 
whether theoretical or analytic, can be reconstructed through all 
phases. This latter need has guided the preparation of 'this report. 
Indeed, throughout the report the writer has felt that it is better to 
err on the side of too much explanation and detail than too little. 
This does not imply that well known principles are enumerated; 
Rather, an effort has been made to focus at all times on the needs of 
those readers who are trained in the area of potential flow theory, 
but not as intimately associated with the method of solution as the 
writer. Readers only interested in the results might well scan those 
sections dealing with the formulation of the problem and solution 
method to get a general feeling of the mathematical model used 
before reading the section giving the results and analyses from the 
solutions. 
ABSTRACT 
A number of solutions are obtained to ideal axisymmetric 
flow past cavitating disks for both cases of a free surface jet and flow 
confined in a constant radius conduit. Finite difference methods are 
utilized in obtaining the solutions from an inverse formulation which 
considers the velocity potentiill, CP, and Stokes' stream function, cj.J, 
as the independent variables and the radial and axial dimensions, r 
and z, as the dependent variables. The reSUlting inverse boundary 
value problem for r( -P ,J; ), for which the basic solution is obtained. is 
nonlinear. The solution technique uses a Newton-Raphson iteration 
to evaluate the implicit finite difference operator at each grid point 
of the finite difference mesh under the assumption that the values of 
r(cP ,lj;) at the surrounding point are known. The Gauss-Seidel 
iterative method with an over-relaxation factor adjusts the values at 
the surrounding grid points until the system of nonlinear finite 
difference equations is solved. 
The solutions which have been obtained are for cavitation 
numbers between 0.1 and 0.4. and disk radii relative to the radius of 
the incoming jet of approximately .15 to .42. For the confined flow 
case the maximum relative disk radius is approximately .27. and 
most of the solutions for this case indicate blockage of the flow has 
occurred. 
Preliminary analyses of the results from the solutions have 
related parameters commonly used in describing cavity flows such as 
the coefficient of drag, cavitation number. relative sizl' of the disk 
and maximum size of the cavity. These preliminary analyses indicate 
that the magnitudes of the drag coefficients for the free jet case are 
less than those for the infinite fluid case as determined by 
Garabedian's solution or rotation of the pressure distribution of a 
iii 
two-dimensional flat plate: whereas for the confined f10w case the 
magnitudes of the drag coefficients are larger. A small increase in the 
magnitude of the coefficient of drag based on the velocity on the 
cavity surface occurs with increasing magnitude of the cavitation 
number for the free jet case whereas for the confined flow case this 
drag coefficient decreases with an increase of the cavitation number. 
This decrease in the magnitude of the drag coefficient for the 
confined tlow case is strongly inf1uenced by a decrease in the 
magnitude of blockage with an increase of the cavitation number. In 
the free jet case the drag coefficient shows practically no relationship 
to the relative disk radius (after deletion of the data from the 
smallest disk sizes whose solution results are in doubt), whereas an 
increase in the magnitude of the coefficient of drag occurs with an 
increase in disk size for the confined flow case. 
The maximum radius of the cavity for the confined flow case 
is considera bly less than the corresponding radius for the free jet 
case. For both cases the maximum radius of the cavity divided by the 
relative disk radius increases rapidly with decreasing disk radius. For 
the free jet case the ratio of maximum cavity radius to disk radius 
increases very slightly with a decrease in the cavitation number. For 
the case of confined cavity flow. the ratio of maximum cavity radius 
to disk radius increases with an increase in the cavitation nu~ber. 
A number of solutions were also obtained to two variations of 
the basic problems. The Ilrst variation consists of placing the 
cavitating disk in a partially confined now in which the first portion 
of the jet is confined in a constant radius conduit and the latter 
portion consists of the free jet. The second variation consists of the 
cavity now of a free jet past a truncated cone. 
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INTRODUCTION 
Methods for solving two-dimensional steady potential flows 
with free streamlines are well known and a large number of exact 
solutions are available from studies over the past century. Methods 
for solving such problems are well defined (Gilbarg, 1960; Gurevich, 
1965; Birkhoff and Zarantonello, 1957; Streeter, 1961), and in 
general utilize the hodograph method which is based upon the 
continuity equation and the irrotationality condition, which for 
complex function, are the Cauchy-Riemann conditions. Conse-
quently the theory of an analytic function of a complex variable can 
be used to effect needed conformal mappings to eventually arrive at 
equations for the solution. This class of problems involving jets and 
cavities has been of practical importance and represents a most 
fruitful field of study for theoretical hydraulicians, applied mathe-
maticians and physicists. Since viscous forces in these problems are 
generally confined to small regions of flow and consequently are of 
minor importance, a remarkably close agreement exists between the 
theoretical results and experimental measurements. 
In contrast, exact methods for solving general three-dimensional 
free surface flows are not available. Even exact solutions to 
simplified three-dimensional potential free surface flows with axial 
symmetry have proved to be so formidable that researchers have 
been forced to obtain approximate solutions by numerical tech-
niques, or other approximate methods, even though such problems 
can be described by a two-directional coordinate system. An early 
numerical solution to axisymmetric jet flow from an infinite 
reservoir through a circular orifice was given by Trefftz (1916). He 
formulated the problem in terms of a Fredholm integral equation 
and determined the position of the free streamline by trial and error. 
Southwell and coworkers (see Southwell, 1946; and Southwell and 
Vaisey, 1948) plus a number of other researchers have utilized the 
relaxation technique, or finite differences in the physical plane, to 
obtain solutions to axisymmetric free surface flows. A major 
difficulty in applying the relaxation technique is that the unknown 
positions of the free surfaces must be repeatedly adjusted until all 
conditions of the problem are satisfied. Since the means for testing 
whether "all conditions are satisfied" is often quite insensitive to the 
free surface position, and because it is difficult to develop a 
systematic procedure which can be programmed on a digital 
computer for adjusting the free surfaces, the relaxation technique in 
the physical plane is of limited value. 
An additional approximate method of considerable importance 
was presented by Garabedian (1956a and b). Garabedian's method 
utilizes available two-dimensional solutions in a dimensional pertur-
bation scheme and has been applied to both the problem of potential 
flow from a large reservoir through a circular orifice and the cavity 
flow around a circular disk in an infinite fluid. Some of the results 
from this last problem studied by Garabedian will be referred to later 
in this report. 
The first step in studying the wall effects on potential cavity 
flows with axial symmetry was to develop the solution capability for 
both free jet and confined cavity flow past a circular disk. The 
method of solution used considers the velocity potential 1) and 
Stokes' stream function tjJ as the independent variables, and the 
radial and axial dimensions (r and z) as the dependent variables. 
After formulating the boundary value problem, finite difference 
methods are used to obtain a solution to the inverse problem. Even 
though the derivation of the inverse partial differential equations and 
the method of solution have been reported elsewhere (Jeppson, 
1966, and Jeppson, 1969b) a full derivation is given in the next 
section. Because of some of the unique features of the problems 
being studied, the techniques for obtaining the solution have been 
modified. 
The same general inverse finite difference solution techniques 
have been applied to axisymmetric moisture movement in porous 
media (Jeppson, 1968) as well as the potential flow from a reservoir 
through a circular orifice (Jeppson, 1970). A number of investiga-
tors have used a similar inverse formulation and finite difference 
solution to study two-dimensional.plane potential flows (Stanitz, 
1953; Thom and Apelt, 1961; Markland, 1965; Charmonman, 1967; 
Jeppson, 1969a). 
FORMULATION 
Differential equations 
The formulation of problems of steady state incompressible 
axisymmetric fluid flows must be based upon the continuity 
equation 
o (1) 
and for potential flows the irrotationality condition 
o (2) 
In Eqs. I and 2, r is the radial coordinate, z is the axial coordinate, 
and v and ware the velocity components in these coordinate 
directions respectively. These velocity components are given by the 
following equations from the scalar potential function ¢ and the 
Stokes' stream function tjJ. 
(3) 
(4) 
To formulate the problem in the ¢tjJ plane, equations are 
needed for rand z as functions of ¢ and tP. These equations can be 
obtained by noting that if tP = tjJ (r,z) and (1' = l' (r,z) then there are 
inverse functions r = r(:p,tjJ) and z = z(tP,tjJ) (see Taylor, 1955), such 
that 
dZ 1 dtjJ 
d¢ =- J dr 
dr 1 d¢ 
dtjJ = - J dz 
where the Jacobian J is defined by 
J 
(5) 
(6) 
(7) 
(8) 
(9) 
Substituting the values of d¢/d rand dtjJ/dZ obtained respectively 
from Eqs. 5 and 6, into Eq. 3 results in 
dr 
r d¢ . . . . . . . (10) 
and similarly substituting Eqs. 7 and 8 into Eq. 4 gives 
dr 
dlj;' . . . . . . . (11) 
Eqs. 10 and 11 are not the Cauchy-Riemann equations which 
would result from the. same operations for plane potential flows, but 
there is close similarity between these two equations and the 
Cauchy-Riemann conditions. The only difference is the inclusion of 
the term 1/r. Eqs. 10 and 11 can be integrated to obtain z from a 
solution of r or r from a solution of z. When proceeding along lj; = 
constant lines, the equations are 
S dr Z = r dlj; dep lj; . . . . . (12) 
S dZ r = - r dlj; dep lj; · . . . . . (13) 
and when proceeding along ep = constant lines they become: 
Z =-1 
ep 
· . . . . . (14) 
1 1 dz r = - - dlj; ep r dep · . . . . . (15) 
For subsequent relations, it will be convenient to have the 
Jacobian expressed in terms of the inverse functions r(ep ,lj;) and 
z(ep,lj;). The Jacobian as a function of these variables can be obtained 
by substituting Eqs. 5,6,7, and 8 into Eq. 9, giving 
. . . . (16) 
Finally, using Eqs. 10 and 11 to obtain squared terms reduces Eq. 16 
to 
J 
r (17) 
dr 2 dz 2 
( dep ) + (dep 1 
An equation for r as a function of ep and lj; can be obtained by 
differentiating Eq. 10 with respect to ep and Eq. 11 with respect 
to lP, and combining the results to eliminate d2z/ depd lj; and-
() 4z/depd y.s, and finally substituting for d zldep from Eq. 11. The 
result is 
1 
3 
r 
(
dr 2 
dep) + r (~~) 2 o (18) 
A similar attempt to obtain an equation for z might proceed by 
differentiating Eq. 10 with respect to lj; and Eq. 11 with respect 
to ep and combining the two results giving 
(19) 
By using Eqs. 10 and 11 the derivatives can be expressed entirely in 
terms of z giving 
2 
o . (20) 
Both Eqs. 18 and 20 are nonlinear, but the nonlinearity in Eq. 
20 involves the second dependent variable r. Eq. 18 involves only one 
dependent variable and, therefore, can be used to begin the solution. 
Since the equations which describe axisymmetric flow in the physical 
plane are of the elliptic type, one would expect that Eqs. 18 and 20 
are also elliptic, i.e., boundary conditions must be established for all 
boundaries of the flow region in order to have a well-set problem. 
That Eqs. 18 and 20 are indeed elliptic follows immediately from the 
definition of an elliptic equation (see Courant and Hilbert, 1962). 
Relationships among the variables describing the flow 
In order to define the different boundary conditions that might 
be encountered in various problems, it is necessary to determine the 
relationships among the various variables of the flow in the eplj; plane. 
Thus, for example, along a free surface the variation of the velocity, 
Y, may be known (Y = constant for a free surface in the absence of a 
gravitational field or y2+2gy = constant in a gravitational field) or 
along the boundary of a fixed wall the angle e describing the 
direction of flow will be known. The boundary conditions can be 
established by substituting the known values in the equations relating 
the various variables. 
The relation between the velocity of the flow at any point and 
the coordinates rand z can be obtained by combining Eqs. 5 through 
11 with Eqs. 3 and 4 and substituting for the Jacobian as 
demonstrated below 
2 2 2 (dep J 2 . dep 2 2 [ ( d Z 2 d r 2 ] 
V = v + w = dr + (dZ) = J dlj;) + ldlj;) (21) 
V 2 
2 [ oz 2 Or 2 ] 
r (dlj;] + (dlj;l 
· . . . . (22) 
2 
V 2 2 (~~l + (~~l 
· . . . . (23) 
2 
V 
dZ 2 [dZ)2 2 
r (dep) + dlj; 
· . . . . (24) 
V
2 1 
dr
2 
2 [dr)2 
[dep) + r dlj; 
· . . . . (25) 
The last of these equations (Eq. 25) is generally the most useful, 
since it gives a relationship between the velocity and the inverse 
function r. It is not possible to obtain a relationship for the velocity 
involving only the inverse function z. Equation 25 can be used for a 
boundary condition in solving the field problem in r«:p,lj;) for those 
boundaries along which the velocity is either constant or a given 
function for ep and y.s. 
Relation between the functions r(ep ,lj;) and z(ep ,lj;) and the angle 
of the flow can be obtained in several ways. Perhaps the simplest is 
to evaluate the Jacobian in terms of the velocity of flow and then to 
substitute the result into Eq. 5. The Jacobian, when expressed in 
terms of the velocity, is 
J 
2 
- rV . . . . (26) 
Equation 5 can now be written as 
Therefore, 
clj.! 
2 cz 
rV 
8 -I ( cr) sin V c<P = 
I 
rV 
2 (rv) sin 8 V 
Using Eq. 8 instead of Eq. 5 the angle of flow is given by 
8 
-I 
cos 
Equation 28 or Eq. 29 may be reduced to 
. . (27) 
] (28) 
-I [cr/( cr)] 8 = tan c<P r clj.! ..... (30) 
Other equations giving the direction of the flow can easily be 
derived in the same manner. These equations are not, however, as 
useful as Eqs. 28 through 30, because they involve both the 
functions r(<P,lj.!) and z(<p,lj.!) and derivatives of these same functions. 
Equation 30 can be used as the boundary condition along those 
boundaries consisting of straight walls, for which e = constant, or 
for boundaries for which the direction of flow is specified as a 
function of <P and lj.!. For boundaries of the flow region consisting of 
walls, straight or curved, the angle 8 is only a function of <P, since 
the wall coincides with a streamline. 
Boundary value problem for cavity flow past a disk 
Since the differential equations for which solutions are sought, 
namely Eqs. 18 and 20 are of the elliptic type, boundary conditions 
must be imposed on all boundaries enclosing the region of flow. In 
order to mathematically model the phenomenon of flow of a jet 
(free or confined) around a cavitating disk placed normal to the 
direction of flow, it is necessary to close the cavity behind the disk. 
While several schemes for doing this are available, the model which is 
most easily adapted to the method of solution used herein is to use a 
"mirror-image" disk at the appropriate downstream distance on 
which the cavity closes (this has become known as a Riabouchinsky 
model). In two-dimensional cavity flow the results obtained from 
other models, such as a re-entrant jet, compare favorably with those 
from the Riabouchinsky model (see Gurevich, 1965, p. 205), and it 
is generally accepted that the Riabouchinsky model duplicates actual 
occurrence adequately in light of other approximations. 
For the solutions given herein, gravitational forces will .be 
ignored. Actually the method of solution is quite capable of handling 
a problem in which a gravitational field acts in the axial direction. 
The restriction to the axial direction is necessary to maintain axial 
symmetry in the problem. In a transverse gravitational field, 
however, symmetry would no longer exist and the flow would no 
longer be axisymmetric. Since the basic differential equations and 
method of solution are based on the irrotationality condition, the 
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mathematical model assumes the fluid is inviscid and surface tension 
forces are also ignored. 
Under the foregoing assumptions the boundary value problems 
are shown in Fig. 1. The upper portion of this figure contains a 
sketch of the problem in the physical plane; the center portion gives 
the inverse boundary value problem for r(<p ,lj.!); and the lower portion 
of the figure depicts the boundary value problem for z(<p,lJ;). In 
depicting each of the boundary value problems, the differential 
equation is shown enclosed in the rectangle within the flow region 
and the flow region is defined by numbers corresponding to key 
points in the physical problem. Also the boundary conditions are 
shown by an equation adjacent to the boundary to which the 
equation applies. Since the solution to the boundary value problem 
for r(<p..y) must be obtained before a solution to z(<p,lj.!) can be 
obtained, the boundary value problem depicted in the center portion 
of Fig. 1 will be discussed first. 
The conditions along the boundaries CD to ~, ~ to (J) and 
@) to (2) are obvious and do not require further explanation. The 
boundary condition along the cavity surface ® to @) on Fig. I is 
obtained by noting that the velocity is constant on the cavity 
surface. The velocity on the cavity surface can be related to the outer 
free streamline velocity (or incoming velocity) V 0 through the 
definition of the cavitation number-
p - p 
o c 
I 2 
. . . . . . (31) 
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Fig. 1. Fonnulation of inverse boundary value problems for r( <P ,1jJ ) and z( <P, 1jJ ) 
for free jet confined axisymmetric cavity flow past a disk. 
in which (j is the cavitation number, Po is the upstream pressure in 
the free jet or the pressure at upstream infinity, Pc is the pressure in 
the. cavity, p is the density of the fluid, and Vo , as defined before, is 
the velocity at upstream infinity. 
The cavitation number (j c based on the cavity velocity V c will 
also be referred to in this report. The dimensionless ratio for (j cis 
(j 
c 
p - p 
o c 
1 2 
'2 PVc 
. . . . . . . (32) 
Combining Eq. 3) with the steady state incompressible Bernoulli 
equation gives the tollowing equation for the cavity velocity 
. (33) 
The Boundary condition for Q) to @), which is given in Fig. I, 
results by substituting V from Eq. 33 in Eq. 25. 
The boundary condition from ~ to ® will be different 
depending upon whether this boundary is the surface of a free jet or 
whether the flow is confined in a pipe. In the latter case the radius r 
is a constant and in the former case the velocity is constant, and the 
boundary condition equation shown. on Fig. I is obtained again from 
the relationship between the inverse function r(cP ,tjJ) and the velocity 
of flow, i.e. Eq. 25. The only difference in the formulation of the 
free jet and confined flow cases is in this boundary condition. 
The boundary condition from CD to ® in Fig. I is obtained 
under the assumption that the flow through the incoming section is 
uniform and parallel to the axial direction. The equation given in Fig. 
I applies only at upstream infinity where the influence of the disk is 
not present. It is a close approximation for sections some distance 
upstream, however. Since this boundary is taken a finite distance 
upstream from the disk, the condition is modified slightly from that 
given by the equation for this boundary, as will be explained later in 
the section describing the finite difference solution. 
The boundary conditions for the problem in z(cP,tjJ) (i.e. the 
lower portion of Fig. I) are obtained from Eqs. 12 and 14, and have 
been used instead of normal derivative conditions and Eq. 24 for the 
cavity and free jet boundaries because the solution for r(cjJ ,tjJ) must be 
obtained prior to beginning the solution for Z~I"tjJ) anyway. By using 
the conditions as shown in the lower portion of Fig. I the problem is 
of the Dirichlet type and consequently more readily solved. As 
explained later, Eqs. 12 and 14 are used to initialize the entire now 
field. These initial values could actually be considered the solution. 
However, by iterating with the finite difference operator a more 
accurate solution for z(<t>,tjJ) can be obtained, particularly for the 
interior portion of the flow. 
Unfortunately, the boundary value problem cannot be consider-
ed completely formulated because the value of the potential function 
is not known at the midpoint between the disk and its image. In 
other words even though the region of now in the <1\jJ plane is 
rectangular the length of the rectangle is not known for a given 
width, or vice versa. This difficulty is overcome by increasing or 
decreasing the length of the rectangular region as the finite difference 
solution is being obtained. The means'for determining whether the 
flow region should be lengthened or shortened to satisfy all 
conditions of the specified problem being solved are given later after 
the finite difference methods of solution are described. 
It seems appropriate to point out that the boundary value 
problems are nonlinear (i.e. Eqs. 18 and 20 as well as some boundary 
conditions are nonlinear). Exact solutions to nonlinear partial 
differential equations are difficult, and generally not possible. The 
state of the art for solving nonlinear partial differential equations is 
given by Ames (1965). The usual approach is to look for transforma-
tions which will linearize the problem, or to make simplifying 
assumptions which linearize the equations and are not in strong 
disagreement with the physical problem, or do not severely restrict 
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the flow to very special cases of the physical situation. By finite 
difference methods, however, solutions to nonlinear equations and 
boundary conditions are possible, but they are not as straightforward 
as for linear equations. One might view the nonlinear equations in 
the rectangular region as a trade-off for the simpler equation 
for 4-)(r,z) or tjJ(r,z) in the unknown flow region of the physical plane 
in which the positions of the free surfaces and cavity boundaries 
cannot be determined apriori. Thus, in a sense, the reverse of the 
usual procedure of simplifying the equations has been followed here. 
A finite difference solution to the nonlinear inverse equations in the 
rectangular region is more readily obtained than a comparable 
solution in the physical plane and, therefore, the trade-off is 
worthwhile. 
NUMERICAL TECHNIQUE OF SOLUTION 
The procedures which have been used to solve the boundary 
value problem for r(cIJ,tjJ) fall in the category of finite difference 
methods using a dual iteration. One iteration uses the Gauss-Seidel 
method of successive displacements (see Forsythe and Wasow, 1960) 
with an over-relaxation factor. By this method, which is often 
abbreviated SOR for successive over-relaxation, the field grid points 
are repeatedly swept across until the change between consecutive 
iterations is less than some prescribed error parameter. At each grid 
point the value of the function, in this instance r(ep,tjJ), is adjusted to 
satisfy the equation 
in which I and J in the parentheses denote the numbers of the grid 
lines (l increases with e!l according to I = I + cD /t:1jJ and J increases 
with tjJ according to J = I + tjJ /L'::.ljJ); (.J) is the over-relaxation factor, 
and T(I,J) equals the value of the variable which satisfies the finite 
difference operator. The most recently computed values from 
surrounding grid points arc used in all computations involving them. 
The second iteration is used to satisfy the implicit finite 
difference operator at each grid point, and might be considered one 
of the complications due to the nonlinear partial differential 
equations. 
Finite difference operators 
The finite difference operators which have been used are of the 
five-point type. That is, they involve values at the grid point in 
question plus values at the four surrounding grid points on the grid 
lines and, therefore, approxima te the functions by second degree 
polynomial in each local interval between three consecutive grid 
points. 
The finite difference operator for Eq. 18 is obtained by 
replacing its derivatives by second order central differences. After 
evaluating the differences in terms of the original variables and 
collecting coefficients of like powers of the variable, r(l,]), the 
following operator results: 
f[r(I,J)] rr(I,J)]4 _ r(I,J+l);r(I,J-l) rr(I,J)13 
_[rr(I'J+I)-~(I'J-l)12 -I] [r(I,J)]2 
2 
r(I+I,J)+r(I-l,J) ( ) [r(I+l,J)-r(I-l,J)] 
2 r I, J + 8 
o . . . (35) 
and likewise from Eq. 20 
z(1, J) 0.5 [z(I+1,J)+z(1-1,J)+[r(1,J)]2 
_[r(1,J)]2 
[z (I, J + 1 ) + (I, J -1) 1 + 1/2 [z (I, J + 1) - z (I, J -1 ) 1 
[z(I+1,J)-z(1-1,J)11 
. . (36) 
An examination of the operator Eq. 35 reveals an additional 
complication due to the nonlinearity of the different.ia.l equation. In 
addition to being unable to solve the operator explicitly for r(IJ), 
under the assumption that the values at the surrounding grid p~ints 
are known, it is necessary to cope with four possible ro~ts ot the 
operator. In selecting the correct root from Eq. 35 tl~e ratIOnal that 
has been used is if the initialization is not too much II1 error then a 
method such as the Newton-Raphson iterative method will supply 
the correct root, if the current value is used for the initial guess. This 
Newton-Raphson iteration is the second iteration referred to earlier 
and is given by the iterative equation 
( ) 1'[r(o)(I, J)] r(n+1 )(I, J) = l' 0 (I, J) - --"---~~~ 
d f[1'(n)(I, J)] 
. . (37) 
d r(1, J) 
in which the superscript (n) refers to the iteration number and 
f[r(n)(U)] is the function given by the finite difference operator Eq. 
35. The correct value of r(U) is obtained when the operator 
flr(n+l)(IJ)] equals zero and the final value ofr(n+l{U) is equivalent 
to the value off(U) used in Eq. 34. 
Using the Newton-Raphson method for supplying the correct 
root from the finite difference operator requires that the initializa-
tion of the flow field be reasonably close to the correct solution. 
Reasonably close in this context generally means that the field values 
must be within 10 to 30 percent of the correct values so that large 
changes in the values of r do not occur between consecutive 
Gauss-Seidel iterations. This prohibits an initialization of all zeros, 
for example. A poor initialization could probably be used if all values 
were continually adjusted. if necessary. to be reasonable. To program 
this judgment into a computer solution would be very difficult. 
Should large changes occur between consecutive iterations the 
expedient has been followed in the program to terminate computa-
tions showing the grid points where the large changes did occur. By 
adjusting the initialization or input data the difficulty can be 
prevented hopefully on a subsequent run on the computer. This 
expedient has been successful. In obtaining a number of solutions 
which are given later in this report, no difficulty was encountered at 
interior grid points due to a spurious zero for the finite difference 
operator being supplied by the Newton-Raphson iteration, unless this 
difficulty originated on the cavity boundary. 
The finite difference opera tors for the cavity boundary. and 
also the operator for the free surface condition for the case of an 
unconfined free jet. are obtained by approximating the derivatives in 
Eq. 25 by second order central differences and combining the results 
with Eq. 35 in order to eliminate the value of r at the nonexistent 
grid point outside the region of flow. After some algebra the 
operator for the surface of the free jet can be expressed as 
f[r(I,B)] [r(l, 8)]4 - dl, B-1) [1'(1,81] .3 
-y-+a: -[r(J+l, 8)-r(1-1, 131]2] 
2 V 
o 
5 
[r(1, B)]2 _ r(I+l, B); r(1-1, B) 1'(1, B) 
-1/8 [2[r ll+l,BI-r1l-I,BI1 2 - ~: ] 
o 
o (38) 
in which a =6<:P = 6LfJis the grid spacing, and B equals the value of the 
J th index for the boundary. 
For the cavity surface the operator is. 
£[r(1,1)] -+ 3 [r(1,l)] -r(I,2)[r(1,I)] 
1 
1+ 2 -J--±-L -[r(I+1,1)-r(I-1,1)]2] 
V
2 (1+O-) 
o 
- 1/8 [2[r(I+1, 1 ) 2 4a
2 
] r(I-l, 1)1 - -2--"---
Vo (1 +0-) 
o . (39) 
The system of equations resulting by applying Eq. 38 along the 
upper boundary of the region has been incorporated as part of the 
system of equations resulting from applying Eq. 35 at the interior 
grid points, and the solution has been obtained by the point by point 
dual iterations described above. This approach has not been used in 
handling the boundary condition operator Eq. 39 for the cavity 
surface. 
Solution of finite difference equations on cavity boundary. A 
disadvantage associated with the use of Eq. 39 (and also 38) in the 
Gauss-Seidel method of solution is that during the iterative process 
the change in r between consecutive grid points on the cavity 
boundary may become large enough that the quantity upder the 
square root sign in Eq. 39 becomes negative, i.e. [r(l+l,1)-
r(I-l,l )]2> 4a 2/Vo2 ( I +0-). Experience in developing the program 
for the finite difference solution has shown that this occurs whenever 
the initialization is not close to the final values required for the 
solution. Numerous attempts at obtaining a solution have convinced 
the writer that there is such a delicate balance between its prevention 
and occurrence that if the program is to be readily used its 
occurrence mpst be allowed and handled in an ad hoc manner until 
the field values become settled. There even seems to be some 
indication that the rapid changes in r along the cavity boundary at 
the disk are too great to prevent negative arguments of the square 
root from OCCUlTing. particularly for larger cavitation numbers. The 
polynomial approximations used in the finite differences perhaps do 
not adequately describe the rapid ch;mges in the functions in the 
vicinitv of the edge of the disk The second derivative of r with 
respect to ; is disc~ontinuous at the edge of the disk and might offer 
a further explanation for the difficulty. 
In attempting to minimize this difficulty, a considerable 
number of alternative methods have been investigated for dealing 
with the boundary condition along the cavity surface. Since the 
derivatives in the boundary condition equation. Eq. 25, can be 
approximated by forward. or central. differences of various orders, 
or by a number of other functions other than polynomials, and since 
theoretical methods are not available for testing convergence of 
nonlinear finite difference operators. the tedious approach of trying 
a large number of alternatives of necessity was used. Some 
alternatives which are investigated. but abandoned in hopes of 
developing an approach less subject to difficulties when starting with 
poor initializations, may actually be superior to the method finally 
used. 
Simultaneous solution of r at all grid points on cavity surface. 
The method adopted for handling the cavity surface boundary has 
been to solve the system of equations resulting from the application 
of Eq. 39 at all the boundary grid points on the cavity surface 
simultaneously under the assumption that the values of r at the 
adjacent row of interior grid points, which occur in Eq. 39, are 
known. This occurs once during each Gauss-Seidel iteration (or at 
some prescribed multiple) until the solution of the entire problem is 
obtained. The Newton-Raphson iterative method adapted for a 
system of simultaneous equations has been used for solving these 
nonlinear equations. For a system of equations the New!on-
Raphson method can be expressed by the iterative equation 
-(n+l) 
r ;(n) D- 1 f (r) . (40) 
in which rand fer) are vectors with components equal to the r's and 
the functions given by Eq. 39 respectively at all cavity boundary grid 
points. The matrix D (the inverse of D is needed in Eq. 40) is the 
derivative determinant given by, 
df 1 dfl 
::In I dr 1 dr 2 
df2 df I 2 ~ dr 
n 
. (41) D= 
df 
n 
~ 
n 
In the actual application of Eq. 40 it is not necessary to find the 
inverse of the rna trix D. Rather, by noting that if Dx = fTr). then x = 
D·1 f(r). Eq. 40 is applied by substracting from the preceding r's, the 
solution of the linear system of equations resulting from considering 
D the coefficient rna trix, i.e. substracting -; from T 
Since the unknown values of r at only three adjacent grid points 
are linked together by Eq. 39, all elements of the D matrix arc zero 
except the diagonal elements and the elements just above and below 
the diagonal, i.e. D is a tridiagonal matrix. (Actually one row is an 
exception to the above statement because a subdivided grid network 
with one-quarter of the regular grid spacing is used over the first 
portion of the cavity boundary. next col.) Because D is a tridiagonal 
matrix one pass through the rows of the matrix using the Gaussian 
elimination procedure reduces all positions below the diagonal to 
zero. Upon back substitution, the values for the solution vector x can 
be obtained again with a minimum amount of computation. The 
iteration indicated by Eq. 40 is continued until the change between 
consecutive iterations is less than a prescribed error p:lrameter. 
One might view the above method for obtaining the ~olution for 
the r's along the cavity boundary as a line or row method for solving 
linear elliptic partial differential equations. or for solving linear 
parabolic partial differential equations using implicit mdhods. 
modified by the necessity of iterating to get the solution to the row 
In applying this method to obtain the r's on the cavity surface. 
no value of r is permitted to become large enough so that I r(J+ J.I) -
rO-l,l)] 2 > 4a 2/V/. Should Eq. 40 supply such a value it is 
immediately adjusteci so that the change in r between adjacent 
boundary grid points is slightly less than 4a 2 /V c 2 By making this 
adjustment the negative argument of the square root is prevented 
during the next iteration. 
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In obtaining the simultaneous solution for the r's along the 
cavity boundary, it is better to let the first equation of the system 
come from the first grid point behind the disk and the last equation 
come from the midpoint of the cavity. Reversing the order of these 
equations seems to have a greater tendency to develop fluctuations in 
the shape of the cavity surface, even though by this inverse order the 
back substitution supplies the value of r behind the disk first, thus 
making it more convenient in the programming to prevent the 
difference between adjacent r's from b.ecoming too large. Under the 
order of equations being used it is sometimes necessary to adjust 
more than one value of r in order to prevent negative arguments of 
the square root from occurring during the next iteration. 
A study of considerable interest to numerical analysts that has 
not yet been done would investigate the convergence rates of 
applying the above simultaneous solution of consecutive horizontal 
grid lines or vertical grid lines throughout the flow field and compare 
these convergence rates with those of the point by point outer 
iteration which has been used. While one would expect faster 
convergence rates, more computation would be required for each 
pass through the flow field so that additional computations would be 
needed to ascertain whether computer execution time could be saved 
by this alternative approach. 
Special treatment for singularities of the problem 
All estima tes of local truncation error of finite difference 
approxima tions are based on partial derivatives being continuous 
through some order. In order to obtain a finite difference solution 
with as much accuracy as possible it is necessary to give special 
consideration to grid points adjacent to and on points in which 
derivatives of the functions are discontinuous (i.e. singularities) so 
that their adverse effect on the solution is minimized. A favored but 
somewhat inelegant method' of coping with singularities is to ignore 
them effectively, and if necessary. mitigate their influence on the 
solution by using a finer grid network in their vicinities. For linear 
partial differential equations it is possible, by utilizing the principle 
of superposition, to substract out the singularity by substracting 
values of an analytic function satisfying the same equation, which 
removes the singularity (see Milne, 1953). However, for nonlinear 
equations the principle of superposition is not applicable and this 
approach cannot be employed. The alternatives of either "patching 
in" an analytic solution which describes the flow phenomena in the 
immediate vicinity of the singularity or using other than polynomials 
to approximate the continuous variables of the problem must be 
used. 
Two singularities in the problem being solved have been given 
special treatment. the line singularity along the centerline axis, and 
the stagnation point at the front of the disk. In addition, a 
subdivided grid network with one-quarter of the regular spacing has 
been used between two regular grids adjacent to the disk. This 
subdivided network begins one regular grid line in front of the disk 
and ex tends across three regular grids beyond the outer edge of the 
disk. 
Line singularity on axis. As the radius r(cJo,cj;) approaches zero 
toward the centerline. the transforn1ations given by Eqs. 5 through 8 
are not valid. because the Jacobian determinant J approaches zero. 
Con seq uen tly. deriva tives such as 0 d:,cj; become discontinuous. The 
discontinuous derivatives occur along the entire r = 0 axis and 
therefore a line singularity exists. This singularity has been handled 
by using a more realistic function than a polynomial for approximat-
ing the variation of r at the grid line adjacent to the axis. 
Since. for uniform flow. 
V 
2 r 
2 
. (42) 
describes how l/J varies with r, this function was used to approximate 
both cr/Cl/J and c 2 r/cljJ 2and the usual polynomial was used for 
approximating the derivatives with respect to <P. From Eq. 42 
and 
Cr 1""'\ Iz -1/2 
cljJ = 2" V V ljJ . . . . . . . (43) 
_.!. ..... liljJ -3/2 
4 V V . . . . . . (44) 
For the first row of grid points inward from the lower 
boundary ljJ = 1 /2(V 0 /NS) (NS being the number of the ljJ = 
constant grid network lines coinciding with the free surface) and, 
therefore, for this row of grid points, Eqs. 43 and 44 reduces 
respectively to: 
. . . . . . (45) 
and 
NS 3/2 (1 )1/2 -(~) 'V . . . . (46) 
The velocity V in Eqs. 45 and 46 is evaluated by a finite difference 
expression for Eq. 25 by using the information at two grid points on 
each side of the point in question to obtain C r/c<P. To calculate 
d r/dljJ, however, the information at the grid point plus the next 
three interior grid points is used. Under these assumptions, the finite 
difference operator for the row of grid points adjacent to r = 0 
becomes: 
4 ( NS )3/2 1 1/ 2 3 (NS ) [r(I, 1)] - Yo (V) [r(I,l)] + VVo -2 
2 
[ r (1, 1 )] 2 + r (1+ 1, 1) r (I, 1 ) + [r (1+ 1 , 1 ) ~ r (I - 1 , 1 )] 
o . . . '. . . . . . . . . . . . . . . . (47) 
Patching in half body flow to obtain r on disk surface near 
stagnation point. A stagnation point gives a singularity that can 
adversely affect the accuracy of the finite difference solution if not 
handled properly. This would be particularly true of parameters such 
as the pressure coefficients in front of the disk and the dra& 
coefficient. The method used to obtain the distribution of r along 
the disk face in the region close to the stagnation point is to "patch 
into" the finite difference solution, the solution of a large axisym-
metric half body. The justification for using the half body is that the 
fluid behavior over a small region on the nose of the half body will 
be similar to that at the front of the disk within a small radius. 
The equations for the velocity potential <P and Stokes' stream 
function ljJ for a half body (see Vallentine, 1959) are respectively 
<P = UR cos 8 - m/ R . . . . . . (48) 
and 
~ U R2 sin 2 8 - m cos 8 . . . . (49) 
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in which R is the distance from the source (origin) to any point in 
the flow field (see above sketch), U is the velocity of the incomi~g 
fluid, and m is the source strength and can be related to the radius to 
the stagnation point on the half body Rs by 
2 
m = UR 
s 
. . . . . . . (50) 
The value of the potential function at the stagnation point can 
be obtained by SUbstituting Rs from Eq. 50 into Eq. 48 giving, 
<P = _ 2(Um)1 /2 ........ (51) 
s 
Solving Eq. 48 for the angle 8 gives 
e -1 [ 1 r <P m 1] 
cos u I'R+ R2 -1 cos A . . (52) 
which may be substituted into Eq. 49 to give 
~= tUR2 [ ,in (co,-l[~(; + ~IJlf -~[;+;;] 
. . . . (53) 
which may be reduced to 
1 2 2 
ljJ = 2"UR [1-A 1 -m[I+Al .... (54) 
in which A = (<P / R+ m/ R2) / U as used in Eq. 52 
Since the stream function may be assigned zero along the 
surface of the half body, the following equation gives a relation 
between the potential function <P and the radius Rb to the half 
body, 
o , , ,(55) 
The procedure for obtaining the distribution of r near the 
stagnation point is to evaluate the potential function cP 2at a radius 
r 2 equal to that at the second regular grid point beyond the 
stagnation point, i.e. at R2 = r 2/sin 8 2= R(NPI+2,I)/sin e2(NPI is 
the number of the constant cP grid line at the stagnation point). 
Upon solving Eq. 55 for¢2' values of the potential function at 
equal ¢ increments between the stagnation poin t and cP 2 are 
computed. For each of these values of ¢ Eq. 55 is solved to obtain 
the corresponding value of R which in tum is used to solve for r by 
r = R sin e . . (56) 
the angle e in Eq. 56 is evaluated from Eq. 52. 
The procedure can be defined by the following steps: 
I. Select Rs and compute m = U~ 2. In the FORTRAN 
program written to carry out these computations Rs has been taken 
equal to 40 times R(NP 1+2, I). 
2. With r 2 assigned equal to R(NP I +2, I) compute R 2 from 
. . . . . . (57) 
3. Solve Eq. 55 for ¢2with R = R2. This solution has been 
accomplished by the Newton-Raphson method. 
4. Solve for the incremen t of ¢ i.e. 
~ ¢ = . 1 25 (¢ 2 - ¢ s) . . . . . (58) 
5. Compute the value of cP i.e. 
¢ = ¢ + i ~¢ · . . . . . . (59) 
s 
in which i represents the number (beginning with number zero at the 
stagnation point) of the constant ¢ grid line of the subdivided 
network. 
6. Solve Eq. 55 for R by the Newton-Raphson method. 
7. Compute 8 from Eq. 52. 
8. Compute the value of the radial distance, represented by the 
lower case r from Eq. 56. 
9. Repeat steps 5 through 8 until ¢ equals ¢s. 
Computation of the coefficient of drag 
The method of computing the drag coefficients needs some 
explanation. Two drag coefficients for axisymmetric flow are 
defined. The drag coefficient based on the incoming velocity is 
D 
. . . . . . (60) 
The drag coefficient based on the cavity velocity is 
C' 
D 
D 
122 
"2 P1T r l Ve 
· . . . . . . (61) 
In Eqs. 60 arid 61 D is the drag force on the disk, p is the fluid 
density, ~d t.i is the radius of the disk. From Eqs. 60 and 6.1 the 
two coeffitients are related by 
· . . . . . . (62) 
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The drag force D is the difference between the pressure forces 
with respect to the free streamline pressure Po acting on the front of 
and those acting on the rear of the body Since the pressure actmg on 
the rear is constant and equal to the cavity pressure Pc = 
Po .1/2pV; rr the force on the rear of the disk is 
. (63) 
The force F acting on the front face is obtained by numerical-
iy integrating the pressure over the face of the disk. This integration 
may be ex pressed by 
SrI SrI 2 2 F 1 = 2 1T r (p - po) d r = 1T P (V 0 - V ) r dr. (64) 
o 0 
in which Po and Vo ' as defined earlier, are the upstream pressure and 
velocity respectively, and p and V are the local pressure and velocity 
fespectively. The total drag force then becomes 
D . . (65) 
ahd the coefficient of drag 
2 SrI 2 CD = (l+rr)---- V rdr .... (66) 
V Z 2 0 
o r1 
Using Eq. 25 and noting that on the face of the disk d r/~ =0 
gives the following equation for evaluating the velocity 
V = l.O/(dr/d¢) ....... (67) 
The integration indicated in Eq. 66 has been accomplished by 
paksing a second degree polynomial through each three consecutive 
grid points using Lagrange's interpolation formula. After some 
algebra the integral across each two adjacent grid spaces can be 
written as, 
r. 
(' 1+1 6 2 
, vZrdr=a~ +~abr5+(2ae:b)r4 
.. r i-I 
Zbe 3 C 2 r21 r i +1 + -3- r + 2 ...... (68) 
r i-I 
in which 
V·I(r.+r·+ I ) b = _ 1- 1 1 
~ri_I- r i ) (r i _ I - r i+ l ) 
Vi+l(ri_I-ri) 
e 
and the subscripts denote the values of V and r at the finite 
difference grid points along the face of the disk, i.e. along the 
boundary Q) to Q) on Fig. I. By incrementing the grid spacing by 
one, twice the indicated integral has been obtained. To do this the 
grid spaces at the ends of the disk are handled by using r i_1 and ri, 
and ri and r i-I respectively as the limits of integration instead of 
those indicated in Eq. 68. Because of the sixth order term in Eq. 68, 
truncation errors in an eight digit computer may become significant. 
Consequently double precision in some of the computations is 
required. 
An alternative to the foregoing method for determining the drag 
coefficient with less error due to truncation is to compute the 
pressure from the velocity and subsequently carry out the numerical 
integration indicated in the first part of Eq. 64 by the same method 
as above, i.e. approximate the pressure as a function of r by a second 
degree polynomial using Lagrange's interpolation formula. This 
approach gives the following fourth order polynomial instead of the 
sixth order polynomial given by Eq. 68. 
4 3 2 ~+~+~ 
4 3 2 
. . (69) 
in which 
a 
p~ 1(r.+r·+1 ) b = _ 1- 1 1 
(r i _1 - r i ) (r i _1 - r i + 1) 
p~(r. 1+r.+1) 1 1- 1 
p~+l(ri_l+ri) 
c = 
An additional alternative for determining the drag coefficient 
would be to apply the momentum principle for a control volume 
covering the region used in the solution. By this approach a 
numerical evaluation of the momentum flux through the section 
denoted by @ to (2) on Fig. 1 would be necessary. 
Determination of length of flow field 
The boundary value problem, as shown in Fig. I, is not 
completely formulated because the value of the potential function is 
not known at the midpoint between the disk and its image. To 
determine this value, i.e. determine the number of potential drops 
necessary to satisfy all conditions of the problem for a specified 
number of ljJ = constant grid lines. requires that a cycle of solutions 
be obtained, each subsequent one of which is for a problem with a 
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more nearly correct length of flow field in the illtjJ plane. The amount 
which the flow field is lengthened or shortened for each of these 
subsequent solutions has been obtained by utilizing Eq. 12 to 
determine the z dimensions along the streamline (i.e. tjJ = constant 
grid line) near the top of the flow region and also along a streamline 
near the centerline of the problem. When the final z dimension at the 
boundary ® to G) on Fig. I for the upper streamline turns out to 
be larger than the corresponding value for the lower streamline the 
flow field is shortened by an amount computed using the difference 
in the incremental changes in z between consecutive ill = constant 
grid lines. The flow field is increased in length in a like manner if the 
z dimension of the upper streamline is the smaller of the two. In the 
program the change in the number of ill = constant grid lines that can 
be added or substracted between consecutive cycles has been limited 
to not more than eight. This cycle of solutions is continued until no 
change in the number of potential lines occurs between consecutive 
cycles, or the difference in the two values of z is less than 0.002, or 
the maximum specified number of cycles is exceeded. Since the 
separate solutions in the cycle are not reinitialized, not many 
additional iterations by the Gauss-Seidel method are needed to 
obtain subsequent solutions. 
The method used for carrying out the numerical differentiation 
and integration indicated by Eq. 12 is explained in the following 
paragraphs. 
The numerical solution of Eq. 12 (as well as Eq. 14) can be 
thought of as a two step operation. The first step is to evaluate the 
partial derivatives within the integral sign, and the second step is to 
carry out the indicated line integration. Since basically a numerical 
differentiation is an inaccurate procedure, it is important that the 
derivatives be evaluated as accurately as practical. Central differences 
produce higher order polynomial approximations than corresponding 
order backward or forward differences, therefore the derivatives have 
been approximated by third order central differences. Consequently 
it is necessary that the ljJ = constant grid lines, along which Eq. 12 is 
evaluated. be displaced two grid lines in from the boundaries. The 
third order central difference approximation to the derivative in Eq. 
12 is given by 
dr 1 [2 1 dljJ;;;: AtjJ "3(r(I,J+l)-r(I,J-l)) -12 (r(I,J+2) 
- r(I, J -2) lJ 
When not adjacent to the vertical boundary of the flow region it 
is possible to carry out the numerical integration indicated by Eq. 12 
upon evaluating the derivatives at four consecutive grid points along 
the tjJ = constant grid lines by the equation, 
I 
HI 
6z 
. I 
"q)[~! (~, + ~~I,J 214(~~Il-l+~~II+Jl 
. . . . . . . . (71) 
in which the subscript I denotes the number of the grid point, and 
the integration is carried out over the grid interval I to 1+1. For the 
two intervals adjacent to the two vertical boundaries the numerical 
integration uses the trapezoidal rule and therefore averages the 
derivatives at the grid points I and 1+ I. As Eq. 71 is applied across 
each new consecutive grid interval only one new value of the 
derivative needs to be computed. The other three values need only be 
reassigned an index, i.e. c rid tjJ I 1-1 taking on the preceding value 
of dr/dljJ II' dr/dtjJl I taking on the preceding value of dr /dtjJl I~ , etc. 
The steps involved in obtaining the final solution are: 
1. Using the formulation given in Fig. 1, a solution for r(ill,y;) is 
obtained throughout the flow field based on an initial guessed 
number of ill = constant grid lines, by the inner and outer iteration 
described earlier. 
2. The values of z adjacent to the boundaries of the flow region 
are computed numerically from Eq. 12. 
3. The size of the flow region is adjusted to the nearest cfl = 
constant grid line to make z near the top equal to z near the bottom 
of the region. 
4. Steps 1 through 3 are repeated until the number of potential 
lines does not change -between two consecutive cycles. Provision is 
also provided in the program to prevent continued cycling in the 
event oscillation between two potential lines should occur. 
5. The function z(cfl,ljJ) is solved for by numerically integrating 
Eqs. 12 and 14 throughout the flow field. This is accomplished by 
moving through a ljJ = constant grid line at the center of the flow 
field region shown in the lower portion of Fig. I by Eq. 12 and then 
using Eq. 14 to obtain the values of z(cP,ljJ) at the remaining grid 
points. 
6. The interior values of z(cfl,ljJ) are adjusted slightly by an 
iterative Gauss-Seidel solution using operator Eq. 36. 
Computer program 
The computer program used to carry out the numerical 
solutions, given later in the report by the methods and techniques 
just described is listed in Appendix B. The program has been written 
in FORTRAN IV and the control cards given in the listing are for the 
UNIVAC 1108 system at the University of Utah, Salt Lake City, 
operating under the Exec II system supplied by Univac. With the 
exception of the main program which contains several call statements 
to subroutines implemented on this system for writing and reading 
on tape or Fastran drum, the program should run on most any other 
computer system with adequate storage. The subroutine used for 
making the plot tape for the Gerber plotter may also require changes 
in the call names depending upon the plot routines implemented on 
other systems. The special tape subroutines, which are called (i.e. 
INOUT, SKPFLS, BAKFLS, etc.), are used to write and read tapes 
more efficiently than by using the FORTRAN write and read 
statements, by transmitting directly binary data from core storage to 
tape or in the reverse direction. No doubt other large systems have 
similar routines but the names are probably different. 
A description of how to use the computer program is not 
included here, nor is its logic described since the emphasis is on the 
results and not on the programming. Readers interested in the 
program can obtain the logic used by studying the program itself. 
Comment statements in the main program describe the necessary 
input data needed to define a particular problem, and the listing 
includes an example of the type of input data that is required by the 
program. The element names as well as the general function of that 
particular element is given in the following table (Table 1). 
Table I. Elements composing the FORTRAN program for solving 
the cavity flow past a cavitating disk, and the function 
performed by each such element. 
Name of 
Element 
CVDISK 
RCOORD 
NEWTON 
ZCOORD 
ZCFDIF 
HALFBD 
COEFD 
FLOWT 
VELANG 
NETTWP 
Function performed by element 
is the main program and performs the tasks of reading 
in the control parameters, defining the problem, 
calling the subroutines which obtain the solution, and 
writing the solution on tape, the printer and/or cards 
as directed by the control parameters. 
carries out the solution for the radial coordinates r, 
and as such is the "work horse" in obtaining the 
solution. 
is a function subprogram called by RCOORD to carry 
out the Newton-Raphson iterative solution of the 
finite difference operator. 
computes the axial coordinates z by numerical 
integration. This subroutine also determines whether 
the length of the flow field should be expanded or 
shortened, and by how much. 
adjusts the computed values of z from ZCOORD by a 
Gauss-Seidel iteration. 
"patches in" the analytic solution to a half body flow 
in the finite difference solution near the center of the 
disk. 
computes the coefficient of drag, etc. 
writes the tape for the Gerber plotter. Depending 
upon the plot subroutines which are implement on a 
given system this subroutine may require alterations 
in the names to be used on a different system. 
computes magnitude of velocity and angle of direc-
tion of flow at each grid point. 
is a function subprogram called by RCOORD to 
evaluate the third degree polynomial operator for grid 
points adjacent to center line axis. 
Minor modifications have been made to the elements CVDISK 
and RCOORD to obtain some of the solutions presented later that 
consist of cavitating flow of a jet from a pipe of some finite length 
from which the fluid emerges and for the truncated cone problems. 
RESULTS FROM SOLUTIONS 
A number of solutions have been obtained to the two separate 
problems described in the formulation by varying the specification of 
the cavitation number and for varying sizes of disks. The fIrst of 
these problems consists of a circular free surface jet flowing past a 
cavitating disk, and the second problem consists of axisymmetric 
flow past a cavitating disk, confIned in a constant radius conduit. In 
addition several solutions have been obtained to modifications to 
these problems. The fIrst modification consists of partially confined 
flow in which the first portion of the incoming fluid is confIned in a 
constant radius conduit and the latter portion is a free surface 
axisymmetric jet. The second modification changes the disk to a 
truncated cone. All of the solutions have been obtained for an 
incoming fluid of unit radius at upstream infinity or for a confining 
conduit of unit radius. This simply means that all dimensions given 
can be assumed to be that dimension divided by the radius of the 
incoming fluid. No units are given for any of the lengths. These units 
may be assumed to be feet if working in the English system, 
centimeters if working in the metric system, or other appropriate 
units. 
The assumptions these solutions are based on are stated here 
again even though they are inherent in the formulation of the 
problem given earlier. The effects of the viscosity, compressibility, 
and surface tension of the fluid are neglected. The sizes and speeds 
used in many practical applications of this theory are such as to 
render compressibility and surface tension negligible even in the real 
flow. For the free jet case the viscous forces are confIned to a 
relatively small region of the flow. The viscous effects, even though 
relatively minor, might also be accounted for in the free jet problem 
by a subsequent boundary layer analysis. In the confIned case the 
free slip condition on the conduit wall resulting from the inviscid 
fluid assumption gives results which, when compared with the results 
from the free jet case, reflect the nonviscous effects of the walls on 
the flow patterns. In addition the flow is assumed to be axisymmet-
ric; steady state and gravitational forces are ignored. 
A problem is specified in the computer program by first setting 
up the number of equal potential grid lines and constant stream 
function grid lines to be used in the solution. This specification, in 
essence, determines the size of the flow field in the <PIjJplane in which 
the solution is obtained by specifying magnitudes to the following 
FORTRAN program names: NS is the number of constant stream 
function grid lines, NP I is the number of potential grid lines from 
the incoming section to the center of the disk, NP2 is the number of 
potential grid lines from the incoming section to the outer edge of 
the disk, and NP3 is an estimate of the total number of potential 
lines needed to satisfy the conditions of the problems. The value of 
NP3 is modifIed during the solution as explained earlier until the 
conditions for the problem are all satisfied. 
Because a single solution consists of several pages of numbers 
giving the coordinates, as well as possibly numbers giving the velocity 
and angle of the flow direction at each grid point used in the finite 
difference mesh, it is not practical to present the complete solutions 
herein. Appendix C contains an example of a solution for illustrative 
purposes. The fIrst part of this printed output gives information 
showing how the Gauss-Seidel iteration has converged. This is 
followed by data giving the velocity and pressure distribution across 
a disk radius, and the drag coefficient. The r coordinates of the 
subdivided network follow. The rand z coordinates at regular grid 
points are contained next, and fInally, if desired, the velocity and 
angle of the flow direction are printed. The majority of the other 
solutions have been retained in their entirety on magnetic tape in 
binary form. The results from all solutions have been summarized in 
Tables 2 and 3 in terms of parameters which are commonly used to 
describe flows of this type. 
Since the solutions obtained from the inverse formulation, 
described in the previous sections, consist of radial and axial 
coordinates, rand z, at each intersection of equipotential grid line 
with each constant stream function grid line (streamline) used in the 
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finite difference network, a flownet can be plotted directly. A 
flownet makes possible a quick survey of the various features of the 
flow, and several representative solutions have been presented in this 
form (see Figs. 2 through 13). In addition, the solution consisting of 
rand z coordinates is well adapted for obtaining: (a) The velocity at 
any point throughout the flow field from any of the Eqs. 22 through 
25. (b) The pressure at any point from the velocity and Bernoulli's 
equation. (c) The direction of the flow at any point from Eq. 30. (d) 
The gradient of the pressure or the velocity at any point. 
Practically all of the solutions, which have been obtained, used 
25 constant stream function grid lines and from 90 to 151 constant 
equipotential grid lines, depending upon the requirements of the 
problem. The subdivided network has added 9 times 25 to 49 grid 
points depending upon the size of the disk. The amount of computer 
execution time required for a solution depends not only on the 
number of grid points used in the solution but also upon the 
initialization, the magnitude of the error parameter specified, the 
magnitUde of the over-relaxation factor, and the closeness of the 
guessed number of equipotential grid lines needed. Generally a 
splution to problems for the free jet case requires more execution 
time than the confIned problems because the values of r along the 
upper boundary of the region must also be repeatedly adjusted. An 
over-relaxation factor equal to 1.55 has been used for all solutions 
for lack of a better value since no study was made to select the 
optimum. The optimum value is obviously different for these 
problems than that given by Young's theory for Laplace's equation 
and Direchlet boundary conditions, and from the writer's experience 
not too different from 1.55. 
The error parameter specified for most of the solutions 
obtained has been from 1 X 10-6 to 1 X 10-7 even though some of 
the first solutions were obtained using a less stringent error 
parameter of from 5 X 10 -s to I X 10 -s. The error parameter 
requires that the sum across all grid points of changes squared 
between consecutive iterations be less than its magnitude before the 
iteration is stopped and the solution is assumed complete. Typically 
under these requirements a solution using the initialization "built 
into" the program requires approximately 3 minutes of execution 
time on the UNIVAC 1108 system at the University of Utah. 
Pressure distribution along the face of the disk 
The distribution ,of pressure along the face of the disk is 
conveniently defined by the dimensionless pressure coefficient 
c 
P 
P - Po 
1 2 
'2 PVo 
. . . . . . . . (72) 
or the pressure coefficient based on the cavity velocity, 
P -Po 
cp =~V2 
'2 p c 
. . . . . . _ . (73) 
The pressure coefficients from typical free jet solutions have 
been plotted on Figs. 14, 15, 16 and 17 along with the pressure 
coefficients obtained for the flow of an in7inite inviscid fluid past a 
two-dimensiopal plate, which have been plo. ted on the same graphs 
for purposes of comparison. Appendix A des~ribes in detail how the 
distribution for two-dimensional pressure coefficients has been 
obtained from well known theory. The three curves shown on each 
fIgure lie reasonably close to each other, except for a region from 1/3 
to 1/2 the radius of the disk where the axisymmetric pressure 
distribution becomes noticeably less than the corresponding two-
dimensional distribution. Examination of similar plots for pressure 
coefficients for other cavitation numbers shows the same general 
trend. 
In view of the lack of exact theory for obtaining the 
distribution of presspre coefficients for axially symmetric flows, 
~ 
Table 2. Summary of flow parameters resulting from finite difference solutions to problems of cavity flow past a disk of a free surface jet 
with an initial unit radius. 
No. 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
NS 
25 
25 
25 
2~ 
~5 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
NPI NP2 NP3 
25 32 98 
25 31 94 
25 30 88 
25 29 90 
25 32 100 
25 31 95 
25 30 89 
25 29 92 
25 28 '95 
25 32 102 
25 31 96 
25 30 90 
25 29 93 
25 28 96 
25 32 109 
25 31 105 
25 30 100 
25 29 104 
25 28 96 
25 30 104 
25 32 114 
25 31 108 
25 30 103 
25 29 106 
25 28 96 
25 '32 125 
25 31 116 
25 30 III 
25 29 114 
25 28 106 
25. 30 114 
25 32 131 
25 31 122 
25 30 113 
25 29 116 
25 28 124 
25 32 158 
25 32 152 
25 31 136 
25 30 131 
25 29 150 
25 28 127 
25 32 164 
25 31 176 
25 30 150 
25 29 156 
25 28 146 
Cavitation 
number 
Ij 
.40 
.40 
.40 
.40 
.35 
.35 
.35 
.35 
.35 
.30 
.30 
.30 
.30 
.30 
.25 
.25 
025 
.25 
.25 
.23 
.2235 
.2235 
.2235 
.2235 
.2235 
.20 
.20 
.20 
020 
.20 
.18 
.15 
.15 
.15 
.15 
.15 
.13 
.12 
.12 
.12 
• 12 
.12 
.10 
.10 
.10 
.10 
.10 
Radius of 
disk 
r l 
.419 
.355 
.291 
.243 
.421 
.357 
.291 
.243 
• 139 
.422 
.358 
0291 
.241 
• 139 
.425 
.361 
.293 
.236 
.138 
.293 
.425 
.361 
.293 
.235 
• 135 
.422 
.362 
.292 
.231 
.134 
•. 29tl" 
.421 
.361 
.291 
.230 
.130 
.431 
.418 
.359 
.288 
.228 
.130 
.416 
.358 
.287 
.227 
.129 
Max. radius 
of cavity 
r 
m 
.801 
.739 
.623 
.641 
.802 
.738 
.622 
.641 
.608 
.801 
.739 
.621 
.639 
.607 
.808 
.742 
.623 
.640 
.604 
.626 
.810 
.742 
.623 
.641 
.599 
.819 
.751 
0630 
0648 
-.598 
.636 
.820 
.751 
.629 
.647 
.601 
.785 
.820 
.753 
.643 
.651 
0601 
.820 
.753 
.635 
.652 
.603 
Max. radius 
of free 
jet, r 3 
1. 252 
1.213 
1. 152 
1. 158 
1. 256 
1. 216 
1. 159 
1. 159 
1.144 
1.257 
1. 217 
1. 152 
1. 160 
1. 144 
1.266 
1. 226 
1. 158 
1. 167 
1.144 
1. 161 
1. 269 
1.227 
1. 159 
10168 
1. 146 
1. 277 
1. 235 
1. 166 
1. 175 
1. 147 
1. 170 
1. 279 
1. 236 
1. 167 
1. 176 
1. 153 
1.260 
1.282 
1.241 
1. 173 
1. 183 
1. 155 
1.284 
1.242 
1. 175 
1.184 
r; r58--
Half length 
of cavity 
£. 
1. 142 
1. 128 
1. 038 
1. 124 
1. 182 
1. 142 
1. 105 
1.342 
1.278 
1. 206 
1. 146 
1. 059 
1. 353 
1.2: 1 
1.3d6 
1. 356 
1. 280 
1. 402 
1. 383 
1.401 
1.493 
1. 407 
1. 314 
1.431 
1. 436 
1.731 
1. 571 
1. 517 
1.612 
1.463 
1.610 
1. 862 
10 717 
1.542 
1.636 
1.876 
2.469 
2.584 
2.102 
1. 955 
2.352 
1. 947 
2.854 
2.619 
2.345 
2.484 
2.139 
Coef. of 
Drag 
CD 
1. 130 
1. 130 
1. 116 
1.108 
1. 085 
1. 082 
1. 067 
1.087 
.931 
1. 037 
1. 034 
1. 019 
1. 037 
.881 
.989 
.990 
.979 
.980 
.830 
.959 
.961 
.964 
0953 
.953 
.788 
.931 
.940 
.928 
0923 
.762 
.905 
.880 
.890 
.879 
.873 
.695 
.852 
.845 
.854 
.842 
.839 
.663 
.821 
.833 
.820 
.819 
.638 
Coef. of 
Drag 
C~ 
.807 
.807 
.797 
.813 
.803 
.802 
.790 
.805 
.690 
.797 
.796 
.784 
.798 
.678 
.791 
.792 
.783 
.784 
.664 
.780 
.786 
.788 
.779 
.779 
.644 
.776 
.783 
.774 
.769 
.635 
.766 
.765 
.774 
.764 
.759 
.604 
.754 
.755 
.763 
.752 
.749 
.592 
.747 
.757 
.746 
.744 
.580 
Area 
of 
disk 
.5508 
.3959 
.2653 
.1860 
.5577 
.3994 
.2657 
.1848 
.0608 
.5603 
.4013 
.2661 
.1830 
.0605 
.5666 
.4086 
.2688 
.1753 
.0597 
.2691 
.5663 
.4098 
.2690 
.1738 
.0570 
.5589 
.4107 
.2674 
01679 
.0562 
.2646 
.5568 
.4102 
.2669 
.1669 
.0534 
.5833 
.5502 
.4046 
.2605 
.1630 
.0529 
.5443 
.4023 
.2587 
.1622 
.0521 
Area of 
max. 
cavity 
2.016 
1. 716 
1. 219 
1. 291 
2.021 
1. 711 
1. 215 
1. 291 
1. 161 
2.016 
1. 716 
1. 212 
1. 283 
1. 158 
2.051 
1.730 
1. 219 
1. 287 
1. 146 
1. 232 
2.061 
1.730 
1. 219 
1. 291 
1. 127 
2.107 
1. 772 
1.247 
1. 319 
1. 123 
1. 270 
2.112 
1. 772 
1.243 
1. 315 
1. 135 
1.936 
2.112 
1. 781 
1. 299 
1. 331 
1. 135 
2.112 
1 •. 781 
1. 267 
1.336 
1. 142 
Area of 
free jet at 
mid cavity 
2.909 
2.907 
2.950 
2.922 
2.935 
2.934 
3.005 
2.929 
2.950 
2.943 
2.937 
2.958 
2.945 
2.954 
2.984 
2.992 
2.993 
2.992 
2.965 
2.998 
2.998 
3.000 
3.001 
2.995 
2.999 
3.016 
3.020 
3.024 
3.018 
3.010 
3.030 
3.027 
3.028 
3.036 
3.030 
3.042 
3.052 
3.051 
3.057 
3.024 
3.065 
3.056 
3.067 
3.065 
3.071 
3.069 
3.071 
Table 3, Summary of flow parameters resulting from finite difference solutions to problems of cavity flow past a disk in a unit radius conduit. .!..i 
No. 
2 
3 
4 
5':' 
6 
7 
8 
9 
10':' 
11 
12 
13 
14 
15~' 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
NS 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
NPI 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
25 
NP2 
31 
30 
29 
28 
27 
31 
30 
29 
28 
27 
31 
30 
29 
28 
27 
31 
30 
29 
28 
27 
31 
30 
29 
28 
27 
31 
30 
29 
28 
27 
31 
30 
29 
28 
27 
31 
30 
29 
28 
27 
31 
30 
29 
28 
27 
Cavitation 
number 
(J" 
.40 
.40 
.40 
.40 
.40 
.35 
.35 
.35 
.35 
.35 
.30 
.30 
.30 
.30 
.30 
.25 
.25 
.25 
.25 
.25 
.2235 
.2235 
.2235 
.2235 
.2235 
.20 
.20 
.20 
.20 
.20 
· 15 
· 15 
· 15 
· 15 
· 15 
· 12 
.12 
· 12 
· 12 
· 12 
· 10 
· 10 
· 10 
· 10 
· 10 
Radius 
of disk 
r 1 
.264 
.257 
.217 
· 163 
.0797 
.265 
.257 
.214 
.157 
.0786 
.266 
.256 
.211 
· 153 
.0771 
.267 
.254 
.208 
· 150 
.0758 
.268 
.253 
.206 
· 146 
.0751 
.269 
.251 
.204 
.143 
.0747 
.270 
.250 
.201 
· 140 
.0748 
.270 
.249 
· 199 
.136 
.0752 
.271 
.248 
· 198 
· 133 
.0758 
Max. radius 
of cavity 
r 
m 
.412 
.409 
.405 
.390 
.315 
.406 
.404 
.398 
.387 
.315 
.399 
.395 
.390 
.383 
.315 
.388 
.386 
.382 
.376 
.314 
.378 
.376 
.371 
.366 
.313 
.366 
.365 
.362 
.358 
.319 
.354 
.352 
.349 
.338 
.308 
.340 
.339 
.337 
.321 
.304 
.324 
.324 
.323 
.303 
.293 
r I r 
m 1 
1.561 
1. 588 
1.862 
2.397 
3.947 
1. 532 
1. 574 
1. 863 
2.462 
4.011 
1. 500 
1.545 
1.848 
2.498 
4.082 
1. 453 
1. 518 
1.832 
2.509 
4.137 
1. 410 
1.487 
1. 802 
2.500 
4.165 
1.361 
1.451 
1. 779 
2.497 
4.268 
1.311 
1. 406 
1. 731 
2.422 
4.119 
1.259 
1. 360 
1.690 
2.352 
4.039 
1. 196 
1.306 
1. 637 
2.274 
3.871 
CoeL of 
drag 
CD 
1. 147 
1.142 
1. 138 
1. 121 
1. 169 
1.162 
1. 150 
1. 125 
1. 175 
1. 170 
1. 167 
1.137 
1. 170 
1. 179 
1. 166 
1. 137 
1. 175 
1. 173 
1. 164 
1.140 
1. 176 
1. 166 
1. 153 
1. 141 
1. 147 
1. 134 
1. 126 
1. 115 
1. 133 
1. 128 
1. 121 
1. 111 
1. 126 
1. 120 
1. 112 
1. 105 
CoeL of 
drag 
C~ 
.819 
.816 
.813 
.801 
.866 
.861 
.852 
.833 
.904 
.900 
.898 
.875 
.936 
.943 
.933 
.910 
.960 
.959 
.951 
.932 
.980 
.972 
.961 
.951 
.997 
.986 
.979 
.970 
1. 012 
1. 007 
1.001 
.992 
1. 024 
1. 018 
1. 011 
1. 005 
Area of 
disk 
.2190 
.2083 
· 1483 
.0833 
.0200 
.2206 
.2070 
· 1435 
.0776 
.0194 
.2223 
.2052 
· 1399 
.0738 
.0187 
.2240 
.2032 
.1364 
.0705 
.0181 
.2256 
.2009 
· 1332 
.0674 
.0177 
.2273 
· 1987 
.1302 
.0646 
.0175 
.2290 
.1968 
· 1276 
.0613 
.0176 
.2290 
· 1951 
.1250 
.0584 
.0178 
.2307 
· 1934 
· 1227 
.0559 
.0181 
Area of 
max. 
cavity 
.533 
.526 
.515 
.478 
.311 
.518 
.513 
.498 
.471 
.312 
.500 
.490 
.478 
.461 
.311 
.473 
.468 
.458 
.444 
.309 
.449 
.444 
.432 
.421 
.307 
.421 
.419 
.412 
.403 
.319 
.394 
.389 
.382 
.360 
.298 
.363 
.361 
.357 
.323 
.290 
.330 
.330 
.329 
.289 
.270 
.U The majority of disk sizes, in combination with the specified cavitation numbers, were large enough to restrict the quantity of flow, thus 
increasing the upstream pressure in the conduit. The drag coefficients are based on this reduced incoming velocity. The specified 
cavitation numbers, however, are based upon an incoming velocity uneffected by the disk in the conduit. Only the three solutions marked 
by a ':' in the first column show no choked effect. 
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Fig. 2. Flownet of a sample solution for the cavity flow of a free jet past a disk at a cavitation number equal to 0.4. 
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Plesset and Shaffer (1948) proposed that the pressure from center to 
edge of disks can be approximated reasonably by two-dimensional 
results. It is generally accepted that this assumption gives answers 
close enough for many practical purposes, as has been demonstrated 
by experimental results. Table 4 contains the values of the drag 
coefficients for a number of cavitation numbers based on this 
assumption. These values were obtained from numerical integrations 
of the two-dimensional pressure coefficients, given in Appendix A, 
using the same method described for the axisymmetric problems for 
computing the drag coefficient. 
While it is important to recognize that the differences in the 
free jet and infinite fluid cases add an additional unknown effect on 
the results of the pressure coefficients, the relative closeness of the 
two curves add evidence to the reasonableness of Plesset and 
Shaffer's approximation for obtaining approximate drag coefficients. 
The area between the two-dimensional pressure distribution curve on 
Fig. 16 and the curve for the .231 radius disk which shows the largest 
deviation is 3.56 percent of the area under the total curve. As the 
relative radius of the disk decreases this deviation becomes smaller. 
On the other hand, because the distribution of pressure 
coefficients for the axisymmetric problem are less part way up the 
disk, the question is raised whether or not this is due to the 
numerical method of solution used to handle the stagnation point 
singularity. As described earlier an axisymmetric half body has been 
"patched into" the finite difference solution. Perhaps the smaller 
pressure coefficients are the result of the small curvature on the noze 
of the half body. Additional study and analyses, as well as alternative 
methods for handling the singularity, need to be incorporated into 
the computer program and solutions obtained before this question 
can be adequately answered. 
An examination of the drag coefficients in Tables 2 and 3 
indicates their magnitudes may vary both with the magnitude of the 
cavitation number and with the relative size of the disk. The 
variation with the cavitation number, of course, is expected from 
two-dimensional theory as well as physical knowledge of the flow 
phenomena. If a variation with respect to the disk size exists, it 
measures, in some way, the infl uence of 'the free jet or confining pipe 
in contrast to an infinite fluid. For a disk in an infinite fluid the 
J;l1agnitude of the drag coefficient would not be influenced by the 
size of the disk, but only the cavitation number, as shown by the 
values in Table 4, which are based on Plesset and Shaffer's 
approxima tion. 
In order to measure the influence of the free jet and the 
confining conduit on the drag coefficient, equations have been 
developed which best define the variation of Co with respect to the 
cavitation number (j and the tad ius of the disk r ,. Separate 
Table 4. Drag coefficients for cavity flows past a disk in an infinite 
fluid based on Plesset and Shaffer's proposed estimate 
based on rotating two-dimensional pressure distributions. 
Cavitation No. 004 0.35 0.30 0.25 0.20 
CD, Based on incoming 1.1311 1.0899 1.0489 1.0081 0.9673 
velocity 
\ 
Cn, Based on cavity 0.8079 0.8074 0.8069 0.8064 0.8061 
velocity 
Cavitation No. 0.15 0.10 0.07 0.04 0.Q2 
CD' Based on incoming 0.9266 0.8861 0.8618 0.8376 0.8214 
velocity 
, 
Cn, Based on cavity 0.8058 0.8055 0.8054 0.8054 0.8053 
velocity 
28 
equations have been developed to define the data from the free jet 
case and the confined flow case. These equations have been obtained 
by linear multiple regression and correlation analyses using judgment 
based on examination of the data in each case to select the 
mathematical model to use in the regression and correlation analyses. 
In developing these equations it is necessary to use a technique such 
as regression analysis to define the "best fit" relationship rather than 
fit the data exactly with a mathematical model, because the results 
from the numerical solution are subject to error much as experimen-
tal data contain error. Some error in the solution is probably due to 
the method, however insofar as error is random, and not biased by an 
assumption or a procedure built into the numerical solution process, 
the equations derived from the regression analyses should define 
correct relationships between the variables subject to the multiple 
regression model used. These relationships, because of the method of 
development, apply only to the limited range covered by the data, 
and cannot be expected to even give reasonable estimates outside of 
this limited range. The reader is cautioned that under no circum-
stance should the equations developed by the regression analyses be 
applied beyond the range of data from which that relationship 
applies. This caution applies to the relations for Cn given in this 
section as well as relations for other parameters of the flow given in 
subsequent sections. 
After fitting the data to several mathematical regression models, 
the following equation has been accepted to define the relationship 
of the drag coefficient C~ with cavitation number (j and the radius 
of the disk, r l' for the free jet case because it accounts for more of 
the variation in CJ than the other models tried. 
c~ = 3.4846 +.4602 (j - .5238 (j2 - 16.050 r1 
2 
+10.0998r 1 +loge(·4+3r1) .. . (74) 
The analysis of variance (Table 5) for this regression analysis 
shows that all terms used in the model are significant in accounting 
for the variation in C~, and the multiple correlation coefficient is R = 
0.993, indicating that 99.3 percent of the original variation in the 
data for CD about its mean has been accounted for by Eq. 74. No 
doubt other models may be found which give a better fit to the data 
than Eq. 74, but such improvement in the correlation would have 
little meaning. 
While the high correlation coefficient shows that the sum of 
deviations bf the data from the relation given by Eq. 74 is 
approximately 0.4 percent of the original sum of deviations about 
the mean value of cri, the actual values obtained for C~ deviate from 
that given by Eq. 74 by as much as -0.016. The average of the 
absolute value of these deviations is 0.0055 which indicates that the 
accuracy of the determination of the coefficient of drag by the 
numerical solution is approximately two digits. The drag coefficients 
in Table 2 (for the free jet case) have been plotted against the radius 
of the dIsk in Fig. 18 in which different symbols have been used for 
different values of the cavitation number as given by the legend on 
the graph. Also on this graph, curves have been plotted by using Eq. 
74. The plotted data on Fig. 18 indicate that the coefficient of drag 
Cd increases in magnitude with the radius of the disk for the small 
relative disk radii. As the relative size of radius becomes approxi-
mately equal to 0.2, the coefficient of drag approaches a constant 
value, and as the disk size increases further the value may even 
decrease. The writer feels, however, that the sharp decrease in C~ for 
small disk radii might be due to a deficiency in the numerical 
solution. 
The same mathematical regression model has been used to relate 
the drag coefficient, CD, to the cavitation number and the disk 
radius. For this regression and correlation analysis the multiple 
correlation coefficient R equals .9982, slightly more than the 
corresponding value resulting when Cb was considered the dependent 
variable. Since less squared variation exists in the data for C~ around 
its mean than for CD, the smaller correlation coefficient does not 
Table S. Ana lysis of variance associated with the regression Eq. 74. 
i lC:ll1 
total 
due to regressio n 
r 1 
r I ~ 
i()~ ,~ «() . ':~ -3 r I ) 
L() 
dt~!!rl'es or 
freedom 
44 
39 
R 2 0.9858 
sum of 
squares 
.1599 
_1577 
.00265 
.00083 
·90547 
.00395 
.00723 
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stancLnd 
error 
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necessarily indicate a poorer fit. Since the average absolute deviation 
of the data from that given by the regression rl'sul ting from this 
latter analysis is .0057. which is slii!htly larger than t'rom the previolls 
analysis, it may be concluded thal the best fit is I'm llh .. ' data for Cl~' 
o 
r\.I 
The predicting equation for CD can. therefore. be obtained by 
multiplying Eq. 74 by 1 + (T. This equation has been used to develop 
Fig. 19 which is similar to Fig. 18 but shows data for CD plotted as a 
functioll of the disk radius and cavitation number. 
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It is of interest to note how the variation of the drag coefficient 
Co with respect to (J, as given by Eq. 74, compares with the variation 
of Co with (J, as given by rotation of the two-dimensional pressure 
coefficient. This type of a comparison is shown in Fig. 20 in which: 
(1) The data in Table 4 have been plotted; (2) The variation of 
Co with (J as given by the two terms of Eq. 74 which involve (J has 
been plotted; and (3) Two points from Garabedians theoretical 
results are shown. Note that the dashed curve from (2) above might 
be raised or lowered as desired. The equation for the second degree 
poiynomial which fits the data of Table 4 is 
CD = 0.80564 + 0.8069 (J - 0.0167 (J2 . . (75) 
Adjusting the mathematical regression model to retain the 
coefficient of (J given by Eq. 74 and obtaining another regression 
and correlation analysis fitting the same data in Tabie 2 resulis in the 
equation, 
2 
C
D
= 3.420 + .80690- - .0167 (J - 1"3.l684 r l 
2 . 
+8.7983r 1 +4.27481oge (·4+3r 1) .. (76) 
Equation 76 fits the data with a multiple correlation coefficient 
equal to .9588 which is 4 percent less than the correlation coefficient 
associated with Eq. 74. The residual sum of squares for this analysis 
equals 0.0525. This amount of reduction in the correlation coeffi-
cient is significant and, therefore, Eq. 76 is not as good a description 
of the manner in which Co varies with 0- and r I as tha t given by Eqs. 
74 and 62. Under the assumption that the data obtained from 
rotation of the two-dimensional pressure coefficients give a valid 
description of the influence of 0- on the drag coefficient, the last 
three terms in Eq. 76 measure the influence of the free jet on the 
drag coefficient when compared with similar cavity flows in an 
infinite fluid. 
The sharp decrease in the magnitude of Co as the relative radius 
of the disk becomes smaller than 0.2 may be due to the inability of 
the present numerical solution to properly evaluate the pressure 
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distribution in front of the disk as mentioned earlier. The stagnation 
point at the froflt center of the di:'>k is an analytic singularity III 
whose vicinity the fini~ ·c· difference approximations are poor. In the 
early sectioll on f'ormulation the method used for handling this 
singularity is descnbed. An axisymmetric half body is "patched into" 
the finite difference solution to obtain the distribution of r over two 
regular cP equal constant grid spaces beyond the stagnation point. 
The last solution for each of the cavitation numbers in Table 2 (i.e. 
entry No.'s 4, 9, 14, 19, 25, 30, 36, 42, 47 with NP2 = 28), that is 
those solutions with the smaller disk radii, were obtained specifying 
that three regular cP equal constant grid spaces occur between the 
center and outer edge of the disk. Since the distribution of r over the 
first two such grid spaces comes from the analytic solution of the 
"patched in" axisymmetric half body, this leaves only one regular 
grid space for the finite difference solution to establish the disk 
boundary. While there are four subdivided grid spaces in this interval, 
they may not define adequately the correct now pattern. 
Additional ;;tudy of other methods for handling the stagnation 
point singularity in the finite difference solution is needed before 
any definite conclw;ions can confidently be reached about the 
relationship' (or lack thereof) of Co to the rela tive radius of the disk. 
A not too elegant method for investigating the adequacy of the 
results for smail disks is to obtain a solution with double the number 
of grid points in the finite difference solution, and comparr the 
results with the comparable solution with half the number of grill 
points. Obtaining such a solution would require considerably more 
than twice the amount of computer time, however. 
Regression and correlation analyses were used to relate C~ to 
0- and r I after the eight data points with NP2 = 28 were deleted. 
The following least squares equation defines this relationship 
C~= 0.7026 + 0.40660- - 0.4362(J2 + .0297 r l . (77) 
The multiple correlation coefficient associated with Eq. 77 is R 
0.9705 which equals essentially the same magnitude as the 
coefficient associated with Eq. 74. The average absolute deviation of 
data from Eq. 77 is 0.0036. The correlation analysis indicates that 
the inclusion of the variable r 1 in the equation contributes only at 
about the 85 significance level to the goodness of fit. The coefficient 
for r I in Eq. 77 also shows that C ~ does not vary appreciably with 
r l . Therefore, it can be concluded that the variation of C~with the 
relative radius of the disk, which appears in the analyses associated 
with Eq. 74, is entirely due to the data obtained for the smaller radii 
disks. If the method of solution is deficient in handling small size 
disks, then the first three terms in Eq, 77 define the variation of 
C ~ for the free jet case. The writer knows of no physical reason why 
C ~ should decrease very sharply with decreasing small relative disk 
radii as the curves on Fig. 17 show. Experimental data in the 
confined water tunnel by Dobay (1967) show smaller coefficient of 
drag for small size disk than for larger disks, particularly for small 
cavitation numbers. The decrease is not as marked as given by Eq. 
74, however. Final judgment on the relationship of C~ with 
r I should be deferred until it can be demonstrated whether or not a 
deficiency in the numerical solutions for the small disk radii exists. 
Fig, 2 I is a plot of the coefficient of drag against the cavitation 
number using the data remaining after deleting that data for the 
smaller disk sizes. The curve through this data is defined by the first 
three terms in Eq. 77. This plot applies only for relative disk radii 
larger than .23 and less than .43. 
Confined flow. The sizes of disks in combination with the 
cavitation numbers, defined by the difference in upstream and cavity 
pressure divided by the upstream dynamic pressure, which are 
possible are limited. The minimum cavitation number which can be 
achieved depends upon the maximum size of the resulting cavity and 
the cavity velocity. Increases in disk sizes or decreases in cavitation 
number beyond this limit cause blockage of the flow and is referred 
to as "choked" flow in the literature. In the numerical method of 
solution the cavitation numbers are specified and based upon an 
incoming velocity which is assumed not reduced by any choking 
effect of the disk. This is necessary since the magnitude of the 
choking effect is unknown prior to the completed solution. 
The numerical method 'of solution also requires that solutions 
for very small disk sizes can be obtained only at the expense or using 
a very large number of total finite difference grid points. This 
requirement occurs because the method of handling the stagnation 
singularity requires at least two regular potential drops along the face 
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of the disk. The computation of the drag coefficient appears to give 
values which are too small ir only two potential drops are specified 
and therefore at least three potential drops are desirable. (This 
restriction in the present program could be relaxed by using a further 
subdivision of the grid network surrounding the disk.) The vast 
majority or the solutions obtained for the confined flow case are, 
therefore, for disk sizes in combination with cavitation numbers 
which cause blockage of the Ilow. The range or cavitation numhers 
specified in obtaining the solutions were restricted to the range. I to 
.4 to correspond to the range specified for solutions to the free jet 
case. 
+ 
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Fig. 2 I. Relationship for the free jet case of the coefficient of drag, C I \ to the cavitation number obtained after deleting data for small disk sizes. 
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Whether blockage has occurred can be determined from the 
results of the numerical solution by noting whether any velocity at 
the maximum cavity section, when computed using the 6tj;obtained 
from the specified uneffected incoming velocity and number of -J; = 
constant lines. exceeds the cavity velocity. Should any velocity 
exceed the cavity velocity, obviously blockage occurs and the value 
of D.tj; should be reduced such that the maximum velocity at this 
section equals the cavity velocity. The ratio of the reduced incoming 
velocity due to this blockage by the unellected incoming velocity 
equals the correct value of 6tj; divided by the value computed from 
the original specifications. The value of L.LJ;, therefore, should be 
adjusted repeatedly during the numerical solution process to account 
for the blockage or !low. In the actual computer program used in 
obtaining the solutions this was not done. The results of the 
solutions were adjusted for the blockage effect at the ten~ination of 
the Gauss-Seidel iteration. Following this latter procedure will have 
an unknown effect (which is believed to be relatively small) on the 
final results. Additional study, including solutions obtained from a 
modified computer program which continually adjusts 6tj;. is needed 
to determine the effect of the final single adjustment. In the absence 
of such study .the results for the confined flow case must be viewed 
as having ~reater approximations built into their solution method 
than the free jet case. 
The cavitation numbers given in Table 3 arc based on the 
uneffected incoming velocity Vo and pressure Po. i.e. (J" = 
(Po -Pc )/(Y2 P V( 2 ). The coefficients of drag, however. are based on 
the incoming velocity reduced by blockage VI. i.e. CD = (PI -
Pc )/(Yz PVI2) and Cl~ = en /( I +(J"). 
Distributions of pressure coefficients from the center of the 
disk to the outer edge have been plotted in Figs. 22. 23 and 24 for 
cavitation numbers equal to.4, 25 and .12 respectively. On each of 
these figures th~ distribution of pressure coefficient for three 
different size disks as well as that from a two-dimensional flat plate 
have been plotted. The pressure tends to decrease more rapidly 
toward the outer edge of the disk than for the free jet case, thus 
resulting in larger values for the coefficient of drag. 
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Table 6. Analysis of variance associated with the regression Eq. 79. 
item 
total 
due to regression 
0" 
0"2 
degrees of 
freedom 
36 
4 
sum of 
squares 
.1554 
.1547 
.00067 
.00189 
.000026 r 1 
r 12 .0000002 
due to residual 31 .0007 
R2 = 0.9904 
Regression and correlation analyses have used the data in Table 
3 to establish relationships of the coefficient of drag to the cavitation 
number and the relative disk radius for the confined flow case. When 
the same mathematical regression model is used as that for the total 
data for the free jet case, a better fit occurred when the coefficient 
of drag based on the cavity velocity, CD', is the dependent variable 
rather than Co. The equation defining this relationship is 
I 2 
CD -1.569-.2430" - .8670" + ]5.975 r] 
2 . ) 
-14.609rj -3.2751og
c
(·4+3r 1 . (78) 
The multiple correlation coefficient associated with Eq. 78 is R 
:::;: .9978. All the terms in the equation contribute to the fit. The data 
for C~ from Table 3 for the confined flow case has been plotted 
against r, for different cavitation numbers in Fig. 25. Also on this 
figure, curves defined by Eq. 78 have been drawn. 
For the confined case the values for the coefficients of drag 
associated with solutions for NP2 = 28 appear to be adequate. The 
solution with NP2 = 27 were inadequate and these values have not 
been recorded in Table 3. The analysis from which Eq. 78. therefore. 
utilized data from 36 entries in Table 3. 
An additional regression analysis relating C ,j to 0" and r, elimi-
nated the last term in Eq. 78. The following equation resulted from 
this analysis. 
C ' = 2 2 D 1.00] - .25330" - .85150" + .221 r j -.0-J.-J.6r 1 
. (79) 
The mUltiple correlation coefficient associated with Eq. 79 is R 
= 0.9976 and the average absolute deviation of the data for C ,; from 
the relationship is 0.00368. The analysis of variance (sec Table 6) 
shows all terms in Eq. 79 highly significant in accounting for the 
variation in CD' 
The clata used in this last regression analysis along \vith curves 
defined by Eq. 79 have been plotted in Fig. 26. 
A note of caution is reiterated that the relationships given by 
the regression equations are restricted to the ranges of variables used 
in their development. Consequently. Eq. 79 is considered to define 
the variation of CIS with 0" and r, for the confined flow case only in 
the approximate ranges. I < 0" <.4 and .21 < r, < 27. 
In the free jet case. no significant relationship exists between 
CD (or C,;) and r I • at least over the range of data used when the 
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small disk size~ were deleted from the analysis. For the confined 
case, the magnitude of Co (or C~) is related to the relative size of 
disk rl' Unfortunately the data for rl cover a very small range when 
the smaller size disks are deleted and additional solutions are needed 
to ascertain if the change of C~ with rl> as given by the last two 
terms in Eq. 79, applies over a larger range of r l . Since the data 
for (J" show correlation with the data for r l , separating the effects of 
r 1 by using only the last two terms in Eq. 79 have some limitations. 
The influence of (J" on C~ is illustrated in Fig. 27 in which the 
function defined by using terms of Eq. 77 and Eq. 79 which 
involve (J" has been plotted. For the confined flow case a decrease in 
cri occurs as (J" increases, whereas for the free jet case C~ in-
creases. Part of this decrease no doubt is due to greater blockage 
occurring with decreasing cavitation numbers. 
Shape of cavity surface 
Free jet. Another feature of cavity flows is the shape of the 
cavity surface. A one parameter measure of this shape is the ratio of 
maximum cavity diameter to disk diameter. A few representative 
cavity surface profiles have been plotted and compared with the 
profile obtained by Garabedian (l956b). Plotted in Fig. 28a are three 
such profiles in addition to the profile obtained by Garabedian for 
the infinite fluid case with a cavitation number equal to 0.2235. The 
numerical solutions from which these profiles came are entry 
numbers 24 and 25 in Table 2 and number 21 in Table 3. These 
solutions were obtained for this particular cavitation number so that 
comparison could be made with Garabedian's solution for the given 
cavitation number. In plotting the profiles in Fig. 28a both the radial 
and axial distances, starting from the trailing edge of the disk, were 
divided by the disk radius to make the dimensions comparable to 
those of Garabedian's solution. 
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It is apparent from the profiles in Fig. 28a that the relative 
radius (or diameter) of the cavity is larger for the free jet case than 
for the infinite fluid case investigated by Garabedian, and that the 
cavity radius for the case of a confined flow is considerably less than 
for the infinite fluid case. The maximum magnitude of the relative 
radius of the cavity is also strongly dependent upon the relative size 
of disk to jet radius or confined flow radius. These results are of 
course expected from a physical knowledge of the flow and 
qualitatively at least agree with trends predicted by Cohen and Tu 
(1956) as reported by Dobay (1967). For the profiles plotted on Fig. 
28a the following are the maximum relative cavity radii: (I) Infmite 
fluid case rm/r} = 2.312, (2) free jet with r} = .135 - rm/rl = 4.437, 
(3) free jet with rl = .235 - rm/rl = 2.728 and (4) confined flow with 
r l = .268 - rmlrl = 1.410. Plotted in Fig. 28b are additional profiles 
for solutions for the confined case in which the ordinate is expanded 
to five times the abscissa. 
The dependency of the relative size of the cavity profile divided 
by the disk radius to the relative disk radius is illustrated in Fig. 29 in 
which five cavity profiles for the free jet case as well as one profile 
for the confined flow case, all for a cavitation number equal to 0.30, 
have been plotted. It is apparent that as the relative size of disk to 
incoming jet decreases, the relative size of the maximum cavity 
radius to disk radius increases. 
Regression and correlation analyses similar to those used to 
establish Eq. 74 have been used to establish relationships between 
the relative maximum width of the cavity and the radius of the disk 
and cavitation number. For the free jet case, the use of the same 
mathematical regression model as that used to obtain the drag 
coefficient equation results in the following equation. 
r Ir = -8.6146-.73490"+ 1.21140"2 + 65.0142 m 1 r 1 
2 
- 29.0904 r l - 22.757 loge (.4 + 3 r l ) ... (80) 
The analysis of variance associated with Eq. 80 is given in Table 7, 
and shows all of the terms in the equation contribute significantly to 
the goodness of fit. 
The high multiple correlation coefficient (R = 0.9977) associa-
ted with this regression analysis indicates that the vast majority of 
the variation in the maximum relative radius of the cavity is 
accounted for by Eq. 80. In fact the average absolute deviation of 
the original data from Eq. 80 is 1.95 percent of the mean of the 
maximum relative cavity radius. 
The relative maximum cavity radii have been plotted on Fig. 30 
as a function of the disk radius for several cavitation numbers, along 
with lines obtained from Eq. 80. This plot shows that the maximum 
Table 7. Analysis of variance associated with the regression Eq. 80. 
item 
total 
due to regression 
(J 
0"2 
r 1 
r 1 2 
loge (.4+3r I) 
due to residual 
degrees of 
freedom 
44 
5 
39 
R2 0.9954 
sum of 
squares 
37.9324 
37.7580 
.0068 
.0045 
.0897 
.0327 
.2019 
.1744 
cavity radius is not altered much as the cavitation number varies. The 
major variation is related to changes in the relative size of the disk. 
37 
Confined flow. Sample cavity surface profiles obtained from 
solutions to the confined case have been plotted in Fig. 28b. The 
lengths of the cavity profiles shown on Fig. 28b have no significance, 
because the lengths tend to infinity for larger disk sizes or smaller 
cavitation numbers and the solution of necessity is confined to a 
relatively short portion of the cavity length. Since for larger disk 
sizes, the size to which the cavity can grow is restricted by the 
influence of the confining conduit, profiles for larger disks show 
profiles displaced further from the infinite fluid case. 
An analysis which used data from the 45 solutions summarized 
in Table 3, relating the maximum cavity radius divided by the disk 
radius, rmlrl, to the cavitation number and the disk radius resulted in 
the following least squares equation. 
2 
rm/rl = - lB. 370 + 3.6965 0" - 5.2541 0" + 117. 572l. 
2 
- 95.693 r 1 - 29.1136 loge (.4 + 3 r 1)· ... (81) 
The analysis of variance associated with Eq. 81 is given in Table 
8. 
The relationship given by Eq. 81 has been plotted on Fig. 31 
along with the original data points. For this case, as for the free jet 
case, the ratio of maximum cavity size to disk size increases quite 
rapidly as the relative size of disk becomes smaller. The increase for 
the confined case is more rapid, however. A measure of the 
difference in cavity widths of the two separate cases of the free jet 
flow and confined flow can be made by comparing Eq. 80 with Eq. 
81. 
The influence of the relative disk size on the cavity radius for 
the two cases is illustrated in Fig. 32 in which the functions defined 
by terms in Eqs. 80 and 81, which involve rl, have been plotted. In 
the case of the free jet, the magnitude of rm/rl increases rapidly for 
small relative disk sizes as rl decreases. For larger disks, however, the 
change in rm/rl becomes progressively smaller. For the confined case 
the same trends exist for small size disks, that is rwirl becomes larger 
in magnitude as r I decreases. For the confined case a large change in 
magnitude of rmlr I also occurs for larger size disks. This change is 
caused by the confining conduit restricting the growth of the 
maximum cavity radius. 
A change in cavitation number is associa'ted with a much smaller 
change in rm/rl for the free jet case than for the confined flow case. 
The difference in change is illustrated in Fig. 33 on which curves 
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error 
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1.214 
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10.752 
3.387 
R = 0.9977 
value of 
t-test 
39.9 
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level of 
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>-
have been plotted using only those terms in Eq. 80 and Eq. 81 which 
involve (T. 
Table 9 has been prepared from Eqs. 80 and 81 to show the 
variation of rm/rl for both the free jet and confined flow cases. The 
value of rm/r 1 is considerably smaller for the confined case than for 
the free jet case. For the range of cavitation numbers and relative 
disk radii covered in Table 9, the percent reduction in maximum 
cavity diameter divided by disk radius is from 40 to over 50 percent, 
with the large percentage reductions associated with larger relative 
disk sizes and smaller cavitation numbers. 
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Table 8. Analysis of variance associated with the regres.<;ion Eq. 81. 
item 
total 
due to regression 
0-
0-2 
r I 
r 12 
loge (.4+3r 1 ) 
due to residual 
degrees 01" 
freedom 
44 
5 
39 
R 2 0.9972 
sum of 
squares 
44.520 
44.394 
.178 
.090 
.081 
.047 
.141 
.125 
Length of cavity 
The length of the cavity is an additional parameter orten used 
to help describe cavity flows. The method of solution is not 
particularly well adapted for obtaining this parameter with much 
precision. The magnitude of this panlfneter, as determined by the 
solution method, depends upon numerical integration through a 
streamline near the outer portion and a streamline near the central 
portion of the now, as explained in the section on determination of 
cavity length. Since the determined length is very sensitive to the 
final values from these numerical in tegrations, any accumulated error 
in either integration will cause an amplified error to exist in the 
length computation. 
In the case of confined Ilow, the determination of the length of 
the cavity has presented greater difriculties than for the free jet case. 
For the confined case, the velocity of the outer portions of the Ilow 
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standard 
error 
.496 
.993 
23.40 
24.97 
4.39 
R = 0.9986 
40 
value of 
t-test 
52.6 
7.5 
5.3 
5.0 
3.8 
66 
level of 
significanh~ 
99.9(;1J 
90% 
90% 
90% 
90% 
90% 
Table 9. Comparison of vaIu~ of r m Ir 1 for the free jet and confmed flow cases based on Eqs. 80 and 81. 
Radius _Cavitation Number 
of .4 .2 .1 Average Percent 
disk free confined free confined free confined free confined free confined diff. 
.13 4.222 2.798 4.380 2.796 4.515 
.20 2.737 1.955 2.895 1.953 3.029 
.30 1.813 1.289 1.971 1.287 2.105 
Average 2.924 2.014 3,082 2.012 3.216 
% difference 31.2 34.7 
Table 10. Analysis of variance associated with the regreSsion Eq. 82. 
item degrees of 
freedom 
sum of 
squares 
40.8 
total 44 512.138 
due to regression 6 499.135 
(1" 43.603 
(1"2 5.457 
log e (2.5-5 (1") 1.574 
r 1 .002 
r 1 2 .120 
log (IOrt) .622 
R2 = 0.9746 
surrounding the cavity increases to satisfy the continuity equation. It 
does not take a very large size disk with resulting larger cavity size to 
cause the velocity in the outer portions of the flow (Le. the velocity 
of the fluid adjacent to the confining conduit) to be as large as the 
velocity on the cavity surface. As this condition is approached, the 
length of the cavity approaches jnfinity. The real fluid's cavity, of . 
course closes after a fmite distance behind the disk. The Riabouchin-
sky model is deficient in d~cribing cavity lengths of the real flow 
under such conditions. In order to properly close the cavity using the 
Riabouchinsky model, it is necessary that the cavitation number 
increase in magnitude as the relative size of the disk to confming 
conduit radius increases. 
In the numerical solution, however, features of the flow in the 
vicinity of the disk will not be affected appreciably if the length of 
cavity (i.e. length of flow field) is in error. Consequently, for many 
of the solutions to problems for the confined case no effort was 
made to accurately determine the cavity lengths even for those few 
cases in which blockage did not occur. In other words, very few, if 
any, cycles of solutions were permitted to expand or reduce the 
length of the flow field by the procedure explained earlier. 
Consequently, cavity lengths from confined flow problems are not 
given in Table 3 and no analysis of relationships of cavity length to 
other parameters for these problems has been attempted. 
The cavity length data from the solutions for the free jet case in 
Table 2 have been related to the cavitation number and relative disk 
radius by multiple regression analysis, however. An equation defining 
such a relationship is 
41 
2.689 
1.846 
1.180 
1.905 
4.624 
3.139 
2.215 
3.3: 
t..J. 
standard 
error 
5.507 
46101 
4.648 
64.079 
59.699 
3935 
2.477 
1..634 
0.968 
.., 370 
29.7 
R = 0.9872 
4.435 
2.950 
2.026 
3.137 
value of 
t-test 
15.6 
11.3 
3.9 
2.14 
.07 
.59 
1.35 
2.690 
1.847 
1.181 
1.906 
2 P. / r 1 = 3. 470 - 62. 1 60 (1" + 184. 100 (1" 
+ 9.9676 loge [2.5 - 5 (J"] - 4.736 r l 
39.4 
37.4 
41.7 
level of 
significance 
999% 
95% 
90% 
85% 
50% 
70% 
75% 
2 2 + 35.416 r 1 - 5.307Ioge [lOrl ] ... (82) 
The multiple correlation coefficient associated with Eq. 82 is R 
= 0.987, and the resulting analysis of variance is given in Table 10. 
Flow issuing from nozzle 
Several solutions have been obtained for two variations of the 
basic problems already discussed (the free jet and corifined cavity 
flows by a disk). The first variation is discussed in this section and 
consists of' a problem in which the first part of the flow is confined 
in a pipe and the latter part of the flow consists of a free surface jet. 
The Riabouchinsky model is used to close the cavity surface and, 
therefore, in addition to the image disk on which the cavity surface 
closes, the flow returns to a constant radius nozzle downstream in 
the model. The solutions to this variation of the previous problems 
were obtained basically with the same computer program as the 
preceding problems. The only changes in th.e program which were 
necessary were a few statements causing a constant outer radius 
condition to be specified over the first portion of the boundary from 
points ® to ~ on Fig. 1 and the constant velocity condition, Eq. 
25, to be applied to the latter portion of this' boundary. An 
additional parameter which establishes the number of potential drops 
between the end of the constant radius nozzle (or confining pipe) 
and the beginning vertical section of the solution from Q) to ® on 
Fig. 1 was also added to the initial input required by the program. 
A relatively limited number of solutions was obtained to this 
variation of the problem. Flownets from samples of these solutions 
are given in Figs. 34, 35, 36, 37 and 38. Several parameters 
describing the results from these solutions are given in Table II. The 
first six solutions in Table 11 were obtained by holding all 
specifications of the problems constant except the cavitation 
number. This resulted in disk sizes over a relatively small range from 
r 1 = 0.286 to r 1 = 0.294, and maximum cavity and jet radii which 
are for all practical purposes constant. Also the length of the 
constant radius pipe is nearly the same for the first six solutions. The 
results have, therefore, been used to establish the relationship of the 
coefficient of drag and cavity length with the cavitation number. 
There are dangers involved in attempting to establish these relation-
ships because the other specifications of the problem are not 
constant but vary over a small range. Despite this potential danger 
both the drag coefficient based on the incoming velocity, Co and the 
drag coefficient based on the cavity velocity C~ have been plotted 
against the cavitation number on Fig. 39. It should be noted that the 
solutions from which these data have been plotted are for a smaller 
range of cavitation numbers than the solutions for the completely 
free jet or completely confined problems discussed earlier. It has 
been assumed that the relationship between CD and cr can be 
defined by a straight line. Using the straight line relationship between 
CD and cr causes a curvilinear relationship between C~ and cr. The 
point on Fig. 39 showing the largest deviations from the plotted lines 
is from the fourth entry in Table II. This particular solution is the 
first one obtained for this variation of the basic problems and 
anticipating a possible programming error the maximum number of 
iterations permitted was 80. The sum of the squared deviation 
between consecutive iterations was 1.0 X 10-6 after these 80 
iterations, which was larger than the specified error parameter equal 
to 0.5 X 10-6 • It appears since the initialization used a radius for the 
disk equal to .240, which is considerably less than the final value 
(.288) obtained in the solution, that the radius of the disk would 
have continued to increase in value to approximately .292, had more 
iterations been permitted in obtaining the solution. While the lack of 
complete convergence offers a plausible explanation why this point is 
furthest from the lines on Fig. 39, it raises the question whether the 
smaller drag coefficients obtained from this solution are the result of 
the smaller disk or lack of convergence. Should it be due to the 
smaller disk, then the lines on Fig. 39 should each be replaced by a 
series of lines of different disk radii, and with smaller slopes than 
given by the two lines. The lack of a sufficient number of solutions 
prohibits analyzing for a possible variation of CD with r, however. 
Furthermore from the preceding analysis any such variation would 
be small at least until the disk radius becomes relatively small. 
The lines on Fig. 37 are defined by the equations 
CD = O. 7 18 + o. 995 cr ..... (83) 
42 
C~ O. 7 1 8 + O. 277 5 cr / (l + cr) ... ( 84 ) 
The relationship between the cavitation number and the length 
of the cavity has been defined in Fig. 40 by plotting the data in 
Table II from the first six solutions. 
The last solutions in Table 11 were obtained for the same 
cavitation number (cr = 0.25). All other specifications derming these 
last six problems were also identical with the exception that the 
distance between the end of the orifice and disk were varied. As can 
be noted from Table II there is a small variation in the size of disks 
needed to satisfy the conditions of these problems. Since this 
variation is relatively small, tentative indications of the influence of 
the distance between the nozzle and disk on the flow pattern might 
be had by analyzing these data. Fig. 40 shows the data from three of 
the parameters in Table 11 plotted against the dist~nce between the 
nozzle and the disk. The left ordinate was used to plot the 
~oefficient of drag data CD' This data can be fit well with a straight 
lme as shown on the graph. The maximum deviatioh of a data point 
from the coefficient of drag line is only 0.00087, even though it 
appears the deviation is appreciable because of the plotting scales. 
The inside ordinate on the right side of Fig. 41 was used to plot 
the data from Table 11, obtained by dividing the maximum jet radius 
by the radius of the disk, and the outside ordinate on this side was 
used to plot the ratio of maximum cavity radius to disk radius. 
Because the influence of the disk radius is unknown quantitative 
relationships between the variables shown on Fig. 41 are not given. It 
appears reasonable to conclude, however, that the drag coefficient 
increases, and the maximum radii of the free jet and cavity surface 
decreases with this distance. Solutions have not been obtained to 
date for situations for which the confining conduit extends beyond 
the disk. 
Free jet past truncated cone 
The results from the second variation of the basic problem are 
given in this section. This variation consists of placing a truncated 
cone in the free jet flow jnstead of the disk. Flownets resulting from 
samples of these solutions are shown in Figs. 42 through 46. In these 
figures only the outside portion of the truncated cone has been 
shown with a heavy line making it more convenient to also give the 
dimensions of the cone on the figures. 
Since a very limited number of solutions have been obtained 
and since the relative size of truncated cone base, height of the cone: 
and base of the cone contribute additional variables, analyses have 
not been made to establish relationships among parameters of the 
problem as was done for the basic problems. A summary of 
parameters given by the solutions to this variation of the problem are 
given in Table 12. 
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RH (NHP2P.l )=RH (NHPZ.l) +SGACS( 1) 
OIFDI=RHEDIK-RHTEM 
RHEOIK=RHTEM 
IF(SUMII .IT. [RRHAFJ GO TO 874 
00 875 I=NHP2P.NHM 
IH 3= RH CI • 1. 1 )- RH n -1. 1 ) 
RI3Z=R13·R13 
01 =AC-R 13 Z 
IF (01 .G T. 0.0) GO TO 8 33 
WRITf(6.873) Dl.AC.RH(I.l.lJ.RH(I-l.lJ.I.NCOUNT 
873 fORMATClH .4FI5.5.215) 
01=.0001 
833 B=.5.SGRT(OI)+I.O 
0= .125.' R 13Z-0lJ 
C = -. 5. (R H ( I. 1 • U +R H C 1- 1 .} ) ) 
RT=RH(J.l) 
RTT=RAPNEW(-RHCI.ZJ.B.C.O.RT) 
IFCRTT .GT. RHU+ltl» RTT=RHll+l.lI 
IF «R T T .l T. R H ex -1 • 1 ) R TT = R H C I-I .1 ) 
IF(RTT .GT. RHCI-I.1'+SGAC5(1» RTT=RHCI-l.IJ+SGAC5Cl) 
875 RH n.t )=RTT 
00 1Z1 I=NPZP3.NP31 
A= -R (I. Z) 
R 1 3= R ( I + 1 • 1 J - R , I -1 • 1 ) 
R 1 3Z =R 13 *R 1 J 
01 =AC2-R13Z 
IF ( 01 • G T. O. OJ GOT 0 73 3 
WRIT[C6.773) 01.ACZ.RCI+1tl ).R(J-l.l ).I.NCOUNT 
773 FORMATClH .4FIO.4.3IS) 
01=.0001 
733 B=.S.SGRT(01)+1.0 
7311 0= .125*(R132-0lJ 
C= -. 5. (R ( I + 1 • 1 ). R ( 1- 1 • 1 ) ) 
RT =R ([.1 , 
RTT=RAPN[W(A.B.C.O.RT, 
IF(RTT .GT. ReI+).})) IHT::R(I+l.lJ 
IFCRTT .LT. RCI-t.}) , RTT=Rll-l.}J 
IFCRTT .GT. R(I-I.})+SQAC24) RTT=R(I-1.1)+SQAC24 
JH I.Z) =RTT 
721 CONT I~UE 
GO TO 6 
87 .. IF CABS fOIFOI» .l T •• OOZ, GO 10 11 88 
DO 1189 I=NHP2P.NHM 
1189 RHCI.IJ=RH(r.lJ.OIFDI 
OIF= .1*OIFDI 
DO 1190 1=1.9 
II ::NP2P2.I 
1190 FH II tl) =JH II tl )+ FL OATU O-It .OIF 
RHCNH.l)=R(NPZP3.1) 
1188 NCCT=O 
ZOO FORMATe!H .7F8.3.8F9.3) 
KEND=O 
KK NO =NHP2 
Z4 DO 41 I::NHPZPZ.NHM 
II =1 -NHPZP 
RT=RHC Itl) 
RTZ=RT*RT 
RT3=RT*RT2 
RZ=RHe I.Z) 
1 Z5 9 R l:J= RH ( r. 1. 1 )- RH (l -1 • 1 ) 
1257 R13S=. S*R 13 
R132=R 13.RIJ 
R 1 3P =R H C 1+1 • 1 ) +R H ( 1- 1 01 ) 
RT5::.S*RT 
ARGI=AC-R13Z 
IF(ARG1 .GT. 0.0) GO TO 568 
1568 FORMATC1H .'I='.I5.'ARGl='.ElS.SJ 
ARGI =. 0001 
568 SARG=SGRTeARGIJ 
ARG=I. +.S*SARG 
f( II )=RTZ*RT2-RZ.RT3+IHZ*ARG-RT S*R13P+.IZS.CZ •• RI32-AC) 
OTEH=RTZ*R1l5/SARG-RI35 
DI(II.l)=OTEM-RT5 
01 tI 1.2. =4. *I?T 3- 3. >loR 2. R T Z+Z. *RT *4 RG- • 5* RI 3P 
ttl OIUI.3J~DTEM-RTS 
111= II 
IIP= II+1 
283 fORMAT(lH .12FI0.5) 
DO ZI I=N P2P3,NP31 
II =11.1 
RT=R Uti) 
RT2=RT.RT 
RT 3=RT *RT Z 
R 1 3;:: R ( I +1 tl ) -P. U -1 • 1 ) 
1 35 7 R 13 5::. 5 • R 13 
R13Z=RI3*R13 
R 1 3P =. 5. ( R (J ... 1 • 1 ) + R ( 1- 1 tl J ) 
RT 5= .S.RT 
ARGl=AC2-R132 
If(ARGI .GT. 0.0) GO TO 56 
1752 FORMATC' ARGl='.ElS.7.IS) 
ARG1=.OOOI 
56 SARG=SQRHARGU 
ARG::l.+.S*SARG 
FCII'=RTZ*RT2-RlI.Z'*RT3+RTZ*ARG-RI3P.RT+.125*(2 •• RI3l-ACZ) 
OTEM::IHZ*R135/SARG-RI3S 
OI(II.I)=OTfM-RT5 
01 n I • 3 ) =- 0 TE M -R T S 
71 OI(II.Z)::4.*RT3-3.*R(I.2)*RT2+Z •• RT*ARG-RI3P 
IP=I I 
IIM= IIP-I 
II 2= IlP-2 
II 3= IIP-3 
FA c= -0 Il II P tl J /0 II II 3 .} ) 
0101=FAC.O!lII3.Z) 
.... 
N 
OI02=fAC.O!III3.31 
F I I IP 1 = F I I I P l .. F AC of I I I 31 
FAC=-OIOI/DIIII2.11 
OIOZ=OI02 .. FAC·DIIII2.21 
0103::1'" AC.OI I II 2. 31 
F (110) = F« I I P) +F AC of ! I 121 
FAC=-0IG2/01 IT IM .ll 
OIIIIP.ll=DIV3+FACoDIllIM.21 
01 «1 I P • 2 I =0 I I I IP • 2 I- • AC • [l I « I II'.. 31 
FHIPI=FIIIPI+FACoF IIIMI 
SOL YES SrSTEr1 OF Eas. 
ADIF=O.O 
00 35 1=2011 
CO.=0IU.II101 lI-l.21 
01 II .11=0.0 
01 II .;n=oIl I • • U- COF.['l!( 1-1.31 
>; 5 FI II::f" II I-COFoF! 1-11 
I:: IP 
OIF1::1'" II 1101 1I.2 I 
QINP>;I.1l=RINP31.11-0IFl 
R ( NP 3 011 =R I NP 31. 11 +.10001 
II =NP31 
23 1::1-1 
II=II-l 
OIF= IF II 1- 0 1 II 03 " 01 F 11/01 I 1.21 
RT=RIII.tI-01F 
I I NP 2 = 1 I -NP 2P 
IFIII~P2 .GT. 101 Il~P2=10 
RTSQ9=RIII-I.11+SQ~C?5IIINP21 
IIIl=U+l 
RTSGIl::R\ III 10 11-SJAC?51 IINP21 
IFIRT .LT. RTSG,) .A~0. I'll .GT. RISGSI GO TO 1 )23 
01F"F=SQAC2 + '<lII-ltll-RIIIIl.11 
KENO=! +5 
KENO=I+I0 
IFWIFF .G1. 0.01 GO TO 824 
IEND=Il·4 
OIFF=.25.0IFF 
lE"'=IlCND+l 
00 82S IK=IIIl.IENO 
825 RIIKtll::RIIKtll.OIFF.FLOATCIE"'-IKI 
RIII.11::SGAC24-~III-I.11 
IFINeCT .LT. 31 GO Ta 326 
GO TO 826 
8?4 RT=RIII-I.ll+SQAC25IIINP21 
1523 R I II 01 1= R T 
IFIAilSIOIFI .Ll. AOIFI GO TO 826 
IF IKENO .GT. t) GO TO B26 
AOIF=A8SIOIFI 
NAOIF=l 
8lf, OIFl=OlF 
IFI! .GT. IIPl GO TO 23 
RH(NH.ll::RINP2P3.11 
II =NH 
36 1=1-1 
II =1 1- ) 
OIF= IF II 1-01 II. 31.DIF 11101 I I. 2) 
RT=RHIII.1I-0IF 
IINHP2=II-NHP2P 
RTSQ9::RtH II-I. 11 -SQAC 5( l!JljHP21 
IIIl=II·l 
RTSQ:1::RHlrII1.11-saA~5IIINH?2) 
IFliH .LT. RTS09 .AND. RT .GT. R1SQ81 GO TO 830 
OIFF=SGAC+RHI!1-).ll-RH(IIIl.l) 
IF IKfJljO .EO. 01 KENO=I.6 
IFIDIFF .GT. 0.0) GO TO 821 
IPJO::II+4 
IEf'!= JENO- 1 
0IfF=.25*0IFF 
00 828 IK::IIIl.IENO 
828 RHIIK.ll=RHI!K.ll+DIFF.FLOAT(HM-IKI 
RH (I I.) ) =RH I I 1-1.11. SGIA C5 (I INHP 21 
GO TO 82'l 
827 RT::RHIII-Itll+SQAC5IIINHP21 
830 RHIIl.lI=RT 
IFIABSIOIFI .LT. AOlFl GO TO 829 
IF IKENO .(;T. r I GO TO & 2'3 
AOIF=ABSIOIF I 
NADIF=r 
11::>9 DIFl=OIF 
IFI! .GT. 11 GO TO 36 
117 RINP2?2.1)=RHINH4.11 
NC CT ='JCCT-l 
rORMATI1H .10E12.61 
1 c,q 8 
2r.9 
214 
llf. 2 
IFINCCT .LT. 10 .IINO. AOIF .GT •• C0005) GO TO 24 
WRIT[(G.214) ~CCT.ADIF.NAOIF 
FOR"ATC' NCCT=·.I5.' AOIF=·.E15.7.· NAOIF::'.ISI 
I I =N PI 
00 55 1=5.NH".4 
RIIl.lI::QH\I.11 
55 II =1 1--1 
IF IN FREE .EQ. 01 GO TO 6 
DO '3 I=2.NP31 
A::-RII.N<;11 
R 13= R I r + 1 • N S ) - R 11- 1 • N<; I 
R 1 32 ="1 1 3. R 1 3 
01 = A T 2 - R 1 32 
IF to 11 11.1 101 Z 
11 KCOUNT::KCOUNT+l 
112 
liP IT E 16. 1 12 I [>1. p 137.. R I 1+ 1. N':: I • R I I-I. NS ) • r • tlC OU N T 
FORMATI4H ~)1=.4F12.G.?I51 
IF I I • G T. 2 I GO 10 l' 
OIF=.8.tR(!;.NSI-RI3.NSII 
RT=R 12.NSI-OTF 
RlloNSI=RT 
DO 14 J=2.NSI 
1'1 RII.JI =RT'S~RT IFLOATlJ-II1FNSII 
13 IFIKCOUNT .EC. KMAXI !oIAX=NCou~T 
01 =. DOD 01 
12 B::l.-.5'S~RTIOll 
C=-.So(PII+1."lSI -RIT-l.NSII 
0:: .17.5'1 R 13 2-011 
RT=RII.NSI 
9 RIl.NSI::RAPNEWIA.a.c.D.RT) 
6 00 85 1=3.NPll 
D::.1S*R13·R13 
RT =R I I .21 
RI 1.21 =RAP"'ETI A.~. C .(hRT I 
IFIRlt.21 .L1. Rrpl RII.21=RF12 
85 CONT INUE 
NT TC =0 
00 8& 1=NP2P3.NP31 
A::-.5 o IRII.31+Rlltlll 
Rl4::QII.31-RlIoll 
B=I.0-.1250R24·~24 
C::-.5 o IRII+1.?I+RtI-1.2) 1 
R 1 3= R I 1+ 1 .2 I - R I I -1 • 2 I 
0= • 1 25' R 1 3' R 1 3 
RT=RIT.21 
86 RII.21=RA?NEwIA.Il.C.D.IHI 
22 
R1=RIt,P3.11 
R2=R (NP31.NS I 
R12=Ql·Rl 
R21S=R2·R2-R12 
R I NP 3. NS I =R 2 
RINP3.21=PINP31.21 
00 22 J=3.NS1 
A: -. 5. IR "~P 3 • ..1 -II. RI "lP3 • ..1-111 
R24=R(NP3.J+II-PP4P3.J-ll 
B=1.(1-.125·R?4*R24 
C=-RI"JP31.JI 
RT=RINP3.JI 
R(NP3.JI::QAPN[~IA.9.~.0.0.RTI 
00 22 I:2.NP31 
II:: -. c, .. I R I r • J • 1 1+ R I I • ..1- 1 I I 
RZ II = R I I • J +1 I -;> 11 • J -1 I 
B=I.0-.125·R24'P24 
C= -. <;. I R IT- 1. J I. k I 1- 1 • J) I 
R13=PI 1+1 • ..11-17 !I-I.J I 
0= • I 2 5 • R 1 3' R 1 3 
RT =R I I .J I 
OIF=QAPNEWIA.B.C.O.RTI-RI!.JI 
SUM=SUM+OIF.OTF 
RIl.JI=RII.J)-W100IF 
II =NPll 
00 31 I=1.NH4.4 
RH 1= R I I I • 3 I 
RHII.'3I=QHI 
RO IF =R I I I + 1 .3 I -R H I 
RHII+1.91=RHI·.25·ROIF 
RHII+2.91=RHI+.SOoPOIF 
RH ( I + "5 • '3 1= R H I + .15 * R 0 I F 
0'1' P= .66666667' I R II + 10 21- R ( 1-1 .2 1 I -.0833333330 I R I 1-2.21 -R I 1+2.21 I 
OYP::OYP/O?<' 
31 II=II--l 
RHINH.91=R(N P 2P3.3) 
RHI1.SI=RINPllt21 
RHINH.51::RCNP2P3.21 
OIF=RH I I. 510'2 
RHIl.21=SGRTI.2500IFI 
RHIl.31=SGRTI.S·OIFI 
RHll.~)=saRT{.15.OIF) 
RT2::R;HltSlo'2 
OrS=}. 833 33 33- RI I.?I -3. oRI 1031 + 1. 50RI I. 41- .33 33 3333'RI I .51 
OYSP=DYSoPlt.ZI/OPS 
VELR=2.¢SQRTIOYP·OYP.OYSR.OrSQI 
CFT=SQRTIVELPI 
RPRM=CFT oPS ISP 
A=CFT'PS132 
R 13:: "1 I 1+1 .? I -R I I -1 • 7.) 
B=R?R"'·RPR"4-2.0 
C= R I 1"1.2 I .R 'I -1.2) 
OIF=RHIl • .,I.·Z-RT2 
RHll.61=saRTIKT2+.2S 00IFI 
RHll.11=SGlRTIRT2+.S.0IFI 
RHll.S)=SGRTIRT2+.7S.0IFI 
IH1::RLf(NHtll··2 
RT2=RH INH.51'. 2 
OIF=RT2-RTl 
-..l 
W 
C 
RHCNH.2):SQRT(RTl+.2~5·DIF) 
RHCNH.3)=SQRTCRTI+.48*OIFt 
RH(NH.4t=SGRT(RTI+.7Q*OlfJ 
DIF=RH CNH. 9." 2- RT Z 
RHfNH.6t:SQRTIRTZ+.ZS*OIFt 
RHCNH.71=SQRTIRTZ+.S*OIFI 
RH(NH.8.=SQRTfRTZ+.7S*OIfl 
IFtNCOUNT .GT. 1 .OR. NB .GT. l), GO TO SO 
DO 37 .l=Z.8 
F J:SGRtc FLOA TI .J- 11 18. OJ 
DO 31 I=2.NHH 
RRZ=RH 11.1)*.2 
RD IF :RHC 1.9}" 2- RR2 
31 RHU.Jt=SGRTfRRZ+F.J-ROIFJ 
50 NCOUN=O 
IS SHI1=O.O 
NST3=Z 
Z5 00 61 I=Z.NHM 
If ( I .L T. 6 J GO T 0 6 0 
If(l .GT. KKNO) GO TO 60 
NS 13=3 
RHCI.ZJ=.61111111*RH(I.l}+.S*RHC!.3)-.11111111.RHCI.41 
60 DO 45 .J=NST3.8 
45 
61 
53 
57 
17 
800 
44 
30 
ZOI 
20 
100 
43 
99 
A=-.5* CRHCI • .J+l) +RH( I.J-1I J 
R24=RH U • .1+ 11- RH n • .1-11 
8= I. 0- .lZ5-R24*R24 
C= -. 5. (RHC 1+1. JI +RH( 1-1 • .11 ) 
R 13= RH U + I • .J )- RH U -10 .J I 
O=.IZS-R13·R13 
RT:RH(I • .JJ 
OIF=RAPNEWCA.B.c.n.RTJ-RHCI.JI 
SHM= SHM+O If.OI f 
RHCI.JJ=RHCI.J)+Wl.OIF 
IFU .EG. KKNO) NST3=Z 
CONTINUE 
NCOUN=NCOUN+l 
IFIS"'" .GT. DELTA .AND. NCOUN .LT. 51 GO ,TO IS 
II =NPl 
DO 57 I=S.NH4.4 
R ( II. Z J = RH II .5) 
11=11+1 
SUHl1=SUM 
IF (NTTC .EG. 5) GO TO Z,. 
IF«SUH .GT. ERR501 GO TO 17 
IFCHODCNHABDY.IOJ .EG. 0) NBOO=Z-NBOO 
NHABOY =NHABOY +1 
IFCHOOCNCOUNT.S) .EG. 01 WRITE(6.100J NCOUNT.SUH 
WRIT[(6.800t NCOUNT.SUH.SHH 
FORHATC' NCOUNT='.IS.ZEI5.7) 
IF«SUH .GT. 100. J GO TO "4 
IF«NCOUNT .LE. NOISK) 60 TO 10 
IFCSUH .LT. DELTA .OR. NCOUNT .GT. MAX) GO TO 43 
IFCHODCNCOUNT.NRIT) .NE. 0) GO TO 43 
DO 30 ..1=1.9 
WRITE(6.200) CRHct.JloI=l.NH' 
WR ITEe £. .2011 
FORMAT (IHO) 
00 20 1=1 .NP3 
WRITEC6.200) CRU.JJoJ=l.NSJ 
FORHATCIHO.ZSH NO. OF ITERATIONS FOR y=.IS.SH SUH=.fIS.6) 
IFCSUH .GT. 100.) STOP 
IFCSUH .GT. DELTA .AND. NCOU~T .LT. HAX) 60 TO 10 
WR ITE C 6.1 DO) NCOUNI . .LSUt1 
HDISte=l 
NBOO=l 
RETURN 
END 
iIN FOR VELANG,VElANG 
SUBROUTINE VANDA (NS.NPI ,NP2,NP3 ,CAVITN.OF'S) 
REAL V C 30 ) • A« 3D I 
CO"''''ON RC 1St. 'JOI.'1 f IS It 301 ,RH(4 g. g) 
DELPHt=.ZS*OFS/FLOATfNS-l1 
GFSCZ=GFS*GFS-Il.0+CAVITNI 
GFSC:SGRT «GFSC2J 
NP31=NP3-1 
NP32=NP3-Z 
NP33=NP3-3 
NSl=NS-l 
ROPS=Z.O*FLOATINSIJ/OFS 
NS2=N<;-? 
NS3=NS-3 
K=NS3 
CR3=3 •• ROPS 
CRI83=1.1:133 33 333.ROPS 
CRlS=I.S.ROPS 
CR33=. 3 33333333- ROPS 
CR5= .S*POPS 
CPI6=.1666666h7*POPS 
CR66=. 66666 66 7ooROPS 
CR08=.083 333333* POPS 
AIII:I).O 
D Y P = C P 3 * R 1 2 .? l -C R ] 8 3 - R ( 1. ? ) - C R 1 5- R ( 3. Z) + C R 3 3 _ R I 4. Z I 
DY S= R 1 1 .2 I * (I< 0 PS *R I I. "3) - CR 3 3- PC 1. 1 )-C PS _'R ( 1 • Z I -CR 16. R C 1 • q ) I 
VCZI=1.0/SQRTIDYP*OYP+OYS.OYS) 
VIlI=VCZ) 
A(2)=ATANIOYP/OYS) 
00 1 J=3.NS2 
DYP=CR3.PIZ.J)-CRlS*P(3.JI-CR183*RCI • .J)+CR33*RC4.JI 
DYS=R ( 1. J) * 1 CI<66 * (R« 1 • J+ 1) -R C 1. J- 1) )+ CR08. (R « 10 J-Z )-R 11 .J+2») ) 
VCJ)=I.O/SGRTIOYP-OYP+OYS.OYS) 
Af.JJ:ATANfOYP/OYS) 
DYP=CR3 * R« Z .NS U -C R IS.R 1 3. NS 1 ) -CR If! 3. R ( 10 NSI ) +C R3 3* R 1 4. NS 11 
DVS=Rll,NSl )-ICR33-RI 1,NSI-RDPS-P(l.NS2)+CRS*PC ltNSl)+CRI6-RI hK) I 
V«NSIJ:l.0/SGPT(OYP*OYP+OYS-OYSI 
A(NSll=ATANIDYP/OYS) . 
OYP=C R 3*RIZ.NSI-CRIS*RI3.NS I-CR183*RIl.NS I+CR33-R(lIoNS ) 
OVS=IH 1. NS)* I C R 18 3*R I 1. NS) -CP 3* R I 1. NS 1 I oCR 1 S*R 11. NS 2)- C R3 3- R C I. Kl ) 
VINSI:GFS 
A(NSI:ATANIOYP/DYS) 
WRITE(6.100) (VCJ).J=l.NSI 
WRITE(6ol00'IAtJI.J=I.NSI 
WR IT [( 6.1 01 I 
Ina FORHAT ClH tlfiFS.31 
101 fORMATCIHO) 
OYP=ROPS*R 1 3. ZI- CR 3 3*R C 10 21- CPS -p 1 Z .2) -CR 11; - PI q • Z I 
OY S-::R C Z. 7. I * «POPS *P 12. 3)- CR3 3_R ( 2. 1) -c RS *,R 12,2) - CR 16. R C 2,4 II 
V«Zl:l.O/SGRTCOYP-OYP+oys-nVSI 
AClI:ATANCOYP/OYSI 
VIU=V«Z) 
DO 2 J=3,NSZ 
OYP=ROPS*R C 3 • ..1 1- CR3 3.R C 10 J I-CRS *P CZ.J I -CR 16*R 14 ,J 1 
OYS:RIZ.JJ-(CR66*IPI?.J+II-RCZ.J-111+CROS*CRIZ.J-Z'-RC2.J+Z»)) 
V'JI:l.0/SGRTIOYP·OYP+OYS-OYSI 
A«ZI:ATAN«OYP/DVS) 
2 CONTINUE 
DYP=ROPS*RC3.NSII-CR33-RCI.NSII-CRS.RCZ.NSII-CRI6*RC4.NSII 
OYS=RCZ.NSll*ICR33-RIZ,NS)+CRS-RIZ.NSII-ROPS*PCZ.NS21+CR16*RC2'~11 
VCNSll:l.0/SQPTIOYP*OYP+OYS.OYSI 
ACNSJ):ATANCOYP/OYSJ 
-.l 
.$>0 
DYP::IWPS.q( 3.~IS )-CR33.R( 1.NS )-C"RS*R(2.NS »-CR 16.R (4 .NS ) 
DY S: R t 2. NS' • (C R 18 ~*R ( ? "15» - CR 3* R ( ?. NS U +CR 15* R ( '/. NS 2'- C R3 '3- R ( 2. K) » 
A (NS I ::ATANtDYP/DYS) 
WRIT(6tl1D» tV'J».J=loN5) 
WRITE(f.tlOQ) (AIJ).J=1.N51 
IJIHT('6olDl) 
DO 3 T:: 3. NP 3? 
11=1+1 
I;>::t+~ 
IM::I-l 
IN::I-~ 
o YP::CRf, 6 * I P ( I 1.2 )- R I I po!. 2» ) + C ROB * ( Q ( It..! .2 » -p ( 12 .2) ) 
DY S= R ( I .21 * I ROPS *P ( I • ~) - CR 3 3* 0 ( I. 1) -C R5 *P 11.2) - CR 16 * R ( 1 .4 ) ) 
V'21::1.0/S0QT(OYP*OYP+OY5*DYSI 
A'Z)::ATAN(OYP/OYS) 
JFfI-I\lP2) 10011011 
10 IF fI .LT. NPI) GO TO 13 
IF fI .EO. "'PI) GO TO 14 
JI=4*(I-NPI)+4 
Vll)-=OELPHl/f°I-HI!+c.l)-I:'P(IIolll 
GO TO 12 
1 II A I 1 I -= 1 • 51 f)R 
VIlI=O.O 
GO T r) 12' 
13 Vlll=V(ZI 
1 1 
GO T(' 12 
Vf 1) =r}FSe 
D Y P = C Q 66* I P I I 1. 1 1- PIT p.4. l)) + C p (' 8 • ( Q I r N .1 I -Q ( 12 01 1 ) 
OY S -= 0 I I .1 ) • ( f 03 * q fl.? ) - C R 18 3. q ( I. 1 ) - C Rl 5* 0 ( I. 3) + C R3 3* R ( I. 4) ) 
A( 1) =4TAN(OVP/OVS) 
1 2 00 4 J:: 3. N5 Z 
DV P= C Rf, 6 * I q ( I 1. J )- I:' ( I ~. J ) I + C 1:'(18 * I P ( IN. J ) -I;' I I? • J 1 I 
ov S = 0 I I • J I. I CQ6 6 * I 0 I I • J + 1 I - ~ I I. J- 1 I ) + CR 08 * 'R I I. J- 2) -R ( I • J+2 ) I 
V(JI-=1.O/5GRTfOVP·OVP+DvS-OYSl 
4 A(JI=ATAt..!(DyP/DVS) 
DVP::CQ~6*(R(Jl.NSl)-RfI".f\JSl))+CP(18*IR(I>.j.NSl)-R(12.NS1 I) 
DV S= P ( I • NSI ) * ( CR 3 3. Q ( I. N5) -ROP S • P I I • N 52 ) + C R 5* R , I. NS 1 )+ C Rl 6. R' I. K ) ) 
V(NSll::I.~/SODT(DYP·DVP+OVS*OVS) 
A(NSl)=ATAN(OYP/OV5) 
o Y p= CR 33 * , R ( I 1. N S) -D f 1M. NS ) J + C ROo * , R C IN. /II S ) - R I I 2. NS) ) 
o v S= q, I • N S ) * feR 18 ~ * P ( I. NS) - CP 3- ~ ( r. NS 1) +C q 1 5* 0 ( I. N5 21- C R3 3* R I 1.1< » ) 
AINSJ:ATAt..!(OYP/DVS) 
WRlTrl6.trlOJ IVIJI.J::l.NQ 
WRITE(601001 (A'Jt.J-:::'1.~51 
WR IT E «(, .1 en J 
['0 5 r:N P 31.1I: 0 3 
WRITfI6t1nO) IVIJI.J=l.>.J"l 
WRITECGolrm) (AfJ).J-=l.N<:;1 
5 WR IT ( ( f, tl 01 ) 
RETUQN 
(Nt' 
~N FOR NETTWP.NETTWP 
FUNCTION RAPNETf A.p.e.D.RT) 
A3=3.0*A 
82::2.0*S 
MUM=O 
3 RTl=RT.RT 
RT 3=RT*RT 2 
FUNCT=A*RT~+P*RTZ·C*QT+D 
OFUNCT::A3*RTZ·B2*RT.C 
o!r=r:UNCT/OFUNCT 
~T~RT-01F 
"U~=MUH·l 
JFcaaCOCOIFt .GT •• OO!HlOl .ANO. MUM .LT. 10) GO TO 3 
RAPN€"T:I?T 
I?E TUR'II 
END 
a XOT CVDISK 
25 25 31 92 
0 1 (; 1 c; 1 
0 1'1 0 n 
1.003 1.004 
1.015 1.017 
1.031 1.033 
1.051 1.054 
1.076 1. OA 0 
1.103 1. 107 
1.130 1.133 
1.152 1.155 
1.169 1.171 
1. 181 1.182 
1.187 1.187 
1.189 1. lR 9 
n. 143 O.?O 2 
0.402 0.41 C! 
0.529 0.540 
(1.~OO O. ~O 1 
0.647 0.651 
0.677 O. 6R 0 
n.696 O.;q 7 
0.705 0.705 
0.708 0.708 
99 
20e 40 1. S5 .~ 00 00 06 .4 10.0 1.0 
4 2 0 0 1 0 1 1.9 .. 10.0 
0 0 :.l n ~ 0 !1 
1.00 f, 1. OJ 7 1.008 1.010 1.01 Z 1.013 
1.01 q 1.02 a 1. Dc 2 1.02 .. 1.026 1 .. 02 9 
1. £B 5 1.038 1.040 1.043 1.011 6 1.04 '3 
1. OS 7 1.060 1.063 1.067 1.070 1.073 
1. OR 3 1.086 1.090 1. (193 1.096 1.100 
lel] 0 1.11 3 1. 11 7 1.120 1.123 1.126 
1.13 f; 1.139 1. 14 1 1. 14 4 1. -I" 7 1.150 
1.157 1. 15 9 1. 16 1 1.164 1.166 1. IF; 7 
1.173 1.17 II 1. 176 1.177 1.-17 8 1.180 
1.1 q 3 1. 184 1. 184 1.185 1.186 1.186 
1.1 q p 1. 188 1. 188 1.18 8 1.189 1.189 
1. lR Q 1. 189 1. 189 1.189 1.189 1.189 
0.251 0.292 0.325 0.34 '3 O~361 0.385 
0.436 0.453 0.471 0.488 O. SO 5 0.518 
0.55 n 0.560 0.56 Q O. "7 7 1'1.585 O. C;9 3 
0.1;14 0.62 f1 fl. 026 (1. F3 1 0.637 0.642 
C. 65 Ei 0.660 O. G6 4 0.667 0.671 0.674 
0.611 3 0.685 O. 6A 8 0.69 n r). 697 0.;94 
O.;q q O. 7J 0 n. 7D 1 ('1.702 n. 70:3 0.70 If 
0.706 0.737 0.707 n. 107 0.708 0.708 
O. 7n R O.7J 8 n. 708 n. 708 0.708 0.708 
~ 
APPENDIX C. SAMPLE OF 
VELOCITIES 
SOLUTION OUT PUT 
AND ANGLES 
NOT INCLUDING 
NS: 25 HPI= 25 NP2= 31 HP3: 92 MAX. NO. Of ITERATIONS= 100 
WI: 1.55 ERR: .000000 CAV. NO.: .400FS: 10.000 
NB= 0 NFREE= 1 NOISK=40 NBOD= 2 NCYC: 1 NREAO= 0 NWRITE= 0 NWRIT2: 1 NPLOT: 0 NSTREM: 1 SIZE= 10.00 
AC= .7750496-04 .8803£>90-02 .8703690-02 
NO. OF ITERATIONS FOR Y: SUM: 
NO. OF I TERATIONS FOR Y= 10 SUM= 
NO. OF ITERATIONS FOR Y= 15 SUM: 
NO. OF ITERATIONS tOR Y= 20 SUM: 
NO. OF ITERATIONS FOR ,: 25 SUM: 
NO. OF ITERATIONS FOR v: 30 SUM: 
NO. Ot ITERATIONS FOR Y= 35 SUM: 
NCeT: 10 AOIF= .9418676-04 NAOIF= 
NO. OF ITERATIONS FOR ,: 40 SUM: 
NCCT: ~ AOIF= .2597302-04 NAOIF= 
NCeT: 4 ADIF= .2757503-04 NAOIF= 
NO. OF ITERATIONS FOR v: 45 SUM= 
NCCT 4 AOIF: .2300285-04 NAOIF= 
NCCT 4 AOIF= .1942440-04 NAOIF= 
NCCT 3 AOIF: .4383242-04 NAOIF= 
NO. OF ITERATIONS FOR v: 50 SUM: 
NCCT: 3 ADIF= .3891848-04 NAOIF= 
NeCT: 3 ADIF= .3386511-04 NAOIF= 
NO. OF ITERATIONS FOR V: 55 SUM: 
NCCT= 3 ADIF= .2952374-04 N~OIF: 
NCCT= 3 AOIF= .2576185-04 NAOIF= 
NCCT= 3 ADIF= .2244639-04 N~OIF= 
NO. OF ITERATIONS fOR ,= 60 SUM= 
NCCT= 3 AOIF= .2756205-04 NAOIF= 
NO. OF ITERATIONS tOR T: 65 SUM: 
NCCT= 3 ADIF= .2249362-04 NAOIF= 
NO. OF ITERATIONS FOR V= 70 SUM: 
NCCT= 2 AOIF= .4650703-04 NADIF= 
NO. OF ITER_TIONS FOR V: 75 SUM= 
NCCT= 2 ADIF= .4480252-04 NAOIF= 
NO. OF ITERATIONS fOR T: 80 SUM: 
NO. OF ITERATIONS FOR V= 85 SUM: 
NO. OF ITERATIONS FOR T: 90 SUM= 
NO. OF ITERATIONS FOR v: 95 SUM: 
NCCT: 3 AOIF= .1298550-04 NAOIF= 
NO. OF ITERATIONS FOR V= 100 SUM= 
NO. OF ITERATIONS FOR v: 100 SUM: 
.004370 
.001842 
.001103 
.000736 
.000514 
.000368 
.000268 
24 
.000232 
26 
67 
.000130 
67 
67 
67 
.000082 
67 
67 
61 
67 
67 
.0000~7 
.000030 
67 
.000018 
67 
.0000 l? 
67 
• 00 0008 
67 
.000007 
.000004 
.000003 
.000002 
67 
.000007 
DIFFERENCE BETWEEN Z ON BOTTOM MINUS TOPS= 
1.808 1.826 1.844 1.862 1.881 
1.771 1.791 1.811 1.831 1.851 
NO. POTENTIAL LINE';= 99 NUMBER WAS 92 
.000002 
.027834 
1.899 
1.871 
NCCT= 2 ADIF= .4231810-04 NADIF: 24 
NCCT: 2 ADIF= .1793507-04 NAOIF= 74 
NCCT: 2 ADlr= .2771751-04 NAOlr= 74 
NO. OF ITERAT!ONS FOR Y: 5 SUM: 
NCCT= 2 AOIF= .2908393-04 NAOIF: 
NCCT= 2 AOIF= .2906879-04 NAOIF= 
NeCT= 2 AOIF= .286~415-04 NAOIF= 
NO. OF ITERATIONS FOR V= 10 SUM= 
NCCT= 2 AOIF= .2803989-04 NAOIF= 
NO. OF ITERATIONS FOR V= 15 SUM= 
NCCT= 2 AOIF: .4029724-04 NAOIF= 
NCCT= 2 AOIF= .4157522-04 NAOIF= 
NO. OF ITERATIONS FOR v: 20 SUM= 
NCCT= 2 AOIF= .4132162-04 NAOIF= 
NO. OF ITERATIONS FOR v: 25 SUM= 
NO. OF ITERATIONS FOR v: 30 SUM: 
NCCT: 3 AOIF= .2030695-04 NAOIF= 
NO. Ot ITERATIONS FOR V= 35 SUM: 
NO. OF ITERATIONS fOR Y= 40 SUM: 
NO. OF ITERATIONS FOR V: 45 5UM= 
NO. OF ITERATION<; FOR v: 50 SUM: 
NO. OF ITERATIONS FOR V= 50 SUM: 
.000004 
74 
74 
74 
.000004 
74 
.000002 
74 
74 
.000003 
74 
.000002 
.000001 
74 
.000001 
.000001 
.000000 
.000000 
DIFFERENCE BETWEEN Z ON BOTTOM MINUS TOPS= 
1.927 1.945 1.964 1.982 2.001 
1.921 1.941 1.961 1.981 2.001 
NO. POTENTIAL L INE<; = 97 NUMBER wAS 99 
.000000 
.001539 
2.019 
2.020 
NCCT= AOIF= .2681833-04 NAOIF= 74 
NCCT= 2 AOIF= .2272659-04 NAOIF= 74 
NCCT= 2 AOIF= .3189353-04 NAOIF= 74 
NO. OF ITERATIONS FOR V= 5 SUM: 
NCCT= 2 AOIF= .3039862-04 NAOIF= 
NCCT= 2 AOIF= .2867421-04 NAOIF= 
NCCT= 2 ADIF= .2731648-04 NAOIF= 
NO. OF I TERA nONS FOR v: 10 SUM= 
NCCT= 2 ADIF: .262197}-04 NADIF= 
NO. OF ITERATIONS FOR T: 15 SUM: 
NCCT= 2 AOIF= .3679901-04 NADIF= 
NCCT= 2 ADIF= .3755951-04 NAOIF= 
NO. OF ITERATIONS FOR V: 20 SUM= 
NCCT= 7 AOIF= .3714308-04 NAOIF= 
NO. OF ITERATIONS fOR Y: 25 SUM= 
NO. OF I T<:RA TlONS FO R v: 30 SUM: 
NceT= 2 AOIF= .4758790-04 NAOIF= 
NO. OF ITERAlIONS FOR v: 35 SUM: 
NO. Of ITERATIONS FOR T: 40 SUM: 
NO. OF ITERATIONS FOR Y: 40 SUM: 
SUH: .000000 NCOUNT= 80 
.000002 
74 
74 
74 
.000002 
74 
74 
74 
.000001 
.000002 
74 
.000001 
.000000 
74 
.000000 
.000000 
.000000 
I D RA G FORCE INCREMENT PO PI P2 V2 
6 1.603 1.603 97.000 96.000 93.266 1.962 
7 J .165 1 .5f; 3 96.000 93.266 91.169 2.452 
8 4.6S9 1.524 93.266 91.16 CJ 89.123 2.850 
9 (; .179 1.490 91.U;9 89.123 87.096 3.195 
10 7.635 1.456 89.123 87.096 85.077 3.506 
11 9.057 1.422 81.096 85.077 83.131 3.781 
12 10.446 1.389 85.071 83.131 81.835 3.954 
13 11.815 1.369 83.131 81.835 81.057 4.054 
14 13.221 1.412 81.835 81.051 80.025 4.183 
15- 14.667 1.440 81.051 80.025 18.130 4 .3fJ 0 
16 16.11.4 1.447 80.025 78.730 77.158 4.52 '3 
17 17 .549 1.435 78.730 17.158 75.287 4.731 
18 18.955 t. 40 F; 77.158 75.287 73.083 4.966 
19 20.317 1.361 75.287 73.083 70.500 5.227 
20 7.1.61g 1.302 73.083 10.500 61.470 5.518 
21 22.848 1.22q 10.500 67.470 63.896 5.8" 2 
22 23.990 1.143 67.470 63.896 59.630 6.207 
23 25.034 1.044 63.896 59.630 54. 41f 1 6.624 
24 25.965 .931 59.630 54.4':4 1 47.g57 1.111 
25 26.767 .802 54.441 47.957 39.538 7.697 
26 27.419 .652 47.957 '39.538 27.996 8.434 
27 27.896 .477 '39.538 7. 7.996 10.904 9.421 
28 28.189 .293 27.996 10.904 -38.800 11.832 
29 28.029 - .• 160 10.904 - 38.800 -38.800 11 .832 
DRAG FORCE= 43.390 ARE A = .39590 COEF. OF ORAG= 1.1299 
.000 .000 .000 .000 .0 no .073 .103 .126 .145 .1f,Z .178 .192 .205 .218 .231 
.243 .255 .266 .277 .287 .297 .306 .315 .323 .330 .337 .344 .350 .355 .359 
.364 .368 .372 .377 .381 .385 .39n .394 .398 .403 .qOS 
.130 .128 .126 .123 .1 71 .118 .139 .155 .170 .183 .19t; .208 .219 .231 .242 
.253 .263 .274 .283 .293 .302 .311 .319 .377 .334 .341 .341 .353 .359 .365 
.310 .375 .380 .385 .389 .394 .398 .402 .407 .411 .415 
....J 
.184 .186 • 189 .193 .197 .201 .207 0\ .213 .220 .227 .234 .242 .250 .258 .266 
.275 .283 .291 .299 .301 .315 .322 .330 .337 .343 .350 .356 .362 .368 .313 
.319 .384 .389 .393 .398 .403 .407 .411 .416 .420 .424 
.225 .228 .231 .235 .239 .243 .241 .252 .251 .262 .268 .213 .219 .285 .292 
.298 .305 .311 .318 .324 .331 .331 .31f 3 .350 .356 .362 .367 .373 .378 
.38" 
• 389 • 394 • 399 .403 .408 .412 .417 .lf21 .42S .429 .433 
.260 .262 .265 .268 .211 .275 .279 .283 .287 .291 .295 .300 .305 .310 .315 
.320 .326 • 331 .331 .342 .348 .353 .359 .364 .310 .375 .380 .385 .390 .. 395 
.400 .405 .409 .414 .418 .423 .427 .431 .43S .439 .443 
.287 .289 .292 .295 .298 .302 .305 .309 .312 .316 .320 .324 .328 .332 .331 
.341 .346 .350 .355 .360 .365 \.370 .374 .379 .384 .389 .394 .398 .403 .408 
.412 .416 .421 .42S .1& 2q .433 .438 .4" 2 .44t .450 .453 
.311 .314 .317 .319 .322 .325 .328 .332 .335 .338 .342 .345 .349 .353 .357 
.361 .365 .369 .373 .377 .381 .38t .390 .394 .399 .403 .401 .412 .416 .420 
.424 .428 .433 .437 .441 .445 .448 .452 .q 56 .4f,0 .464 
.334 .33t .339 .342 .344 .347 .350 .353 .356 .359 .362 .365 .368 .372 .. 315 
.379 .382 .386 .390 .3<)4 .391 .401 .405 .409 .413 .411 .421 .425 .429 • 1f33 
.437 .441 .444 .448 .452 .456 .459 .463 .467 .·no .474 
.355 .357 .360 .362 .364 .361 .369 .372 .374 .371 .380 .383 .386 .389 .393 
.396 .3C:l9 .402 .406 .409 .41.3 .416 
."20 .424 .427 ... 31 .435 .438 .442 .445 
.449 .453 .. 456 .460 .463 .467 .If 70 .474 
." 71 .481 .484 
-....! 
-....! 
RAND 2 COORDINATES 
1 
2 
3 
4 
5 
6 
1 
8 
9 
10 
11 
12 
13 
iff 
15 
16 
11 
18 
19 
.000 
.069 
.000 
.086 
.ono 
.086 
.000 
.109 
.000 
.131 
.000 
.153 
.000 
.175 
.000 
.198 
.000 
.220 
.000 
.242 
.000 
.265 
.000 
.288 
.000 
.lll 
.oon 
.3'34 
.000 
.358 
.000 
.381 
.000 
.405 
.000 
.430 
.000 
.455 
.l05 
.069 
.205 
.086 
.205 
.103 
.205 
.120 
.206 
.139 
.207 
.158 
.208 
.171 
.20Q 
.191 
.210 
.218 
.211 
.238 
.213 
.259 
.214 
.281 
.216 
.302 
.218 
.324 
.220 
.347 
.222 
.369 
.224 
.392 
.227 
.416 
.230 
.440 
.290 
.065 
.291 
.083 
.292 
.10t 
.293 
.119 
.. 294 
.138 
.295 
.157 
.297 
.116 
.298 
.l96 
.300 
.216 
.302 
.236 
.303 
.257 
.305 
.218 
.308 
.299 
.310 
.320 
.313 
.342 
.315 
.364 
.319 
.381 
.322 
.410 
.326 
.433 
.355 
.061 
.356 
.079 
.358 
.098 
.359 
.116 
.361 
.135 
.362 
.1511 
.364 
.174 
.366 
.193 
.168 
.213 
.370 
.233 
.372 
.254 
.314 
.275 
.377 
.296 
.379 
.311 
.382 
.338 
.385 
.360 
.388 
.382 
.392 
.405 
.396 
.428 
.409 
.051 
.411 
.075 
.413 
.0911 
.415 
.113 
.416 
.132 
.418 
.151 
.420 
.111 
.422 
.191 
.424 
.211 
.421 
.231 
.429 
.251 
.431 
.212 
.434 
.293 
.437 
.314 
.4" 0 
.335 
.443 
.357 
.446 
.319 
.450 
.401 
.454 
.423 
.458 
.052 
.460 
.011 
.462 
.090 
.463 
.109 
.465 
.129 
.467 
.148 
.469 
.168 
.472 
.lA8 
.474 
.208 
.476 
.228 
.47Q 
.249 
.481 
.269 
.484 
.290 
... 81 
.311 
.489 
.332 
.493 
.354 
.496 
.375 
.500 
.391 
.504 
.419 
.501 
.048 
.503 
.061 
.505 
•. 081 
.501 
.106 
.509 
.126 
.512 
.145 
.514 
.165 
.51f. 
.185 
.518 
.205 
.521 
.226 
.523 
.246 
.526 
.261 
.528 
.281 
.531 
.308 
.534 
.330 
.537 
.351 
.5111 
.372 
.54" 
.394 
.548 
.416 
.• Slt 2 
.0'14 
.544 
.064 
.546 
.083 
.548 
.103 
.550 
.123 
.552 
.142 
.554 
.162 
.551 
.183 
.559 
.20 "3 
.561 
.223 
.56" 
.244 
.566 
.264 
.569 
.285 
.572 
.306 
.575 
.327 
.578 
.348 
.581 
.310 
.585 
.391 
.588 
.413 
.579 
.040 
.581 
.060 
.583 
.080 
.585 
.100 
.581 
.120 
.590 
.140 
.592 
.160 
.59" 
.180 
.597 
.201 
.599 
.221 
.601 
.242 
.604 
.262 
.607 
.283 
.610 
.304 
.612 
.325 
.616 
.346 
.619 
.361 
.622 
.389 
.626 
.,.10 
.614 
.031 
.616 
.057 
.618 
.017 
.621 
.091 
.623 
.111 
.625 
.131 
.627 
.151 
.629 
.118 
.632 
.198 
.63,. 
.219 
.631 
.240 
.639 
.260 
.642 
.281 
.645 
.302 
.648 
.323 
.651 
.344 
.65" 
.365 
.657 
.387 
.66.0 
.408 
.647 
.033 
.650 
.054 
.652 
.07,. 
.654 
.09,. 
.656 
.114 
.658 
.135 
.660 
.155 
.663 
.116 
.665 
.196 
.667 
.217 
.670 
.238 
.673 
.258 
.615 
.219 
.618 
.300 
.681 
.321 
.684 
.342 
.687 
.364 
.690 
.385 
.693 
.406 
.679 
.030 
.681 
.051 
.683 
.071 
.685 
.091 
.688 
.112 
.690 
.132 
.692 
.153 
.694 
.114 
.691 
.194 
.699 
.215 
.101 
.236 
.104 
.251 
.707 
.278 
.709 
.299 
.112 
.320 
.115 
.3,.1 
.718 
.362 
.121 
.383 
.72-
.405 
.709 
.027 
.111 
.OAt8 
.113 
.068 
.116 
.089 
.118 
.110 
.120 
.130 
.722 
.151 
.12" 
.112 
.121 
.1413 
.129 
.213 
.131 
.234 
.734 
.255 
.131 
.216 
.739 
.291 
.142 
.318 
.745 
.340 
.748 
.361 
.151 
.382 
.15,. 
.,.03 
.138 
.024 
.740 
.045 
.742 
.066 
.744 
.081 
.141 
.107 
.749 
.128 
.751 
.149 
.753 
.110 
.155 
.191 
.758 
.212 
.160 
.233 
.163 
.254 
.765 
.215 
.768 
.296 
.170 
.317 
.113 
.338 
.716 
.360 
.719 
.381 
.182 
.402 
.766 
.021 
.168 
.0 .. 2 
.110 
.063 
.712 
.084 
.77,. 
.105 
.776 
.127 
.719 
.148 
.781 
.169 
.183 
.190 
.185 
.211 
.788 
.232 
.190 
.253 
.793 
.274 
.795 
.295 
.798 
.316 
.801 
.337 
.803 
.359 
.806 
.380 
.809 
·401 
--l 
00 
20 
21 
2:;> 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
.. 000 
.. 480 
.001) 
.. 506 
.. 000 
.. 534 
.000 
.562 
.DOO 
.5 en 
.000 
.634 
.. 145 
.. 823 
.. 205 
.. P.23 
.255 
.. 823 
.. 2'31 
,,82~ 
.:nn 
.. 823 
.. 355 
.. 823 
.. 372 
.. 82h 
.. 390 
.. 838 
.. 405 
.. 851 
.. 421 
.865 
.. 436 
.. 880 
.. 450 
.. 8<}6 
.. 465 
.,915 
.. 2311 
.. 465 
.. 23<:J 
.. 490 
.. 244 
.. 517 
.251 
.. 54(' 
.. 260 
.577 
.271 
.612 
.. 281 
" 652 
.. :305 
.. 685 
.. 326 
.. 712 
.. 348 
,,735 
" 310 
.755 
" 390 
.. 172 
.. 409 
.18<3 
.. 427 
.. 806 
.443 
.. F!23 
.. 458 
.. 841 
.. 472 
.. 858 
.. 4R6 
.816 
.. 499 
.. 895 
.. 330 
.. 457 
.335 
.482 
.. 341 
.507 
.348 
.. 533 
.355 
.. 560 
.. 36 4 
.. 588 
.. 374 
.. 616 
.. 386 
.644 
.. 39'l 
.. 670 
.. 413 
.. 694 
.. 4'27 
.. 71 7 
.. 442 
., 739 
.. 456 
.. 760 
.. 470 
.. 780 
.. 484 
.. 808 
.. 497 
.870 
.. 5111 
.. 839 
.. 523 
.. 85Q 
.535 
,,878 
.. 401 
.451 
.405 
.. 475 
.411 
.. 499 
.. 417 
.523 
.424 
.548 
.431 
.573 
.. 439 
.. 598 
.. 44 8 
.. 62 3 
.. 458 
.. 648 
.. 4f,9 
.. 672 
.. 419 
.. 695 
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